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Abstract

The following notes are based on a lecture given at the “Summer School
on the CPT- and Lorentz-violating Standard Model Extension”, organized
by the IUCSS and held in Bloomington, IN from June 3–9, 2012.

The goal of this talk is to address the following questions: what issues
can arise when dynamical tensor fields are introduced into a theory? And how
does the presence of gravity influence these issues? We know from Kostelecký’s
“no-go” theorem that if our theory is to include both Lorentz-violating effects
and gravity, the Lorentz violation must be due to a dynamical tensor field that
spontaneously breaks Lorentz symmetry, rather than a fixed background tensor
field. However, further features (some interesting, some problematic) can still
arise if we are not careful about our choice of model.

1 Dynamics of the metric

How do we describe the dynamics of the metric gµν in physics? The existence
of an action principle is central to much of physics, so ideally we would like to
define an action for the metric. To get to this point, though, we have to define
a set of related notions leading up to this. I will merely sketch out the picture
here; more details can be found in advanced texts in general relativity, such as
Wald [1], Poisson [2], or Weinberg [3].

To describe the dynamics of anything on a curved manifold, we need to
have a notion of what it means to take a derivative on a curved manifold. This
is complicated by the fact that tensors defined at different points of the manifold
essentially “live” in different spaces, i.e., the respective tangent spaces at the
points in question. For our purposes, the most fruitful way to define the notion
of such derivatives is to define a covariant derivative operator ∇µ, which acts on
rank-n tensors to yield a rank-pn`1q tensor. From a pragmatic perspective, the
covariant derivative is most easily defined in terms of the coordinate derivative
“plus an extra piece” depending on the derivatives of the metric components;
in other words, “∇µ “ Bµ ` Γλµν.” For example, the covariant derivative of a
vector field Aν will be

∇µAν “ BµAν ` ΓνµρAρ.
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(Similar expressions are defined for tensor fields of higher rank and differing
index structure.) The quantity Γλµν is called a Christoffel symbol, and is con-
structed out of derivatives of the coordinate components of the metric gµν; in
particular, it is defined in such a way that

∇µgνρ “ 0.

This metricity condition ensures that the inner products of vectors are preserved
under parallel transport; it is sufficient to uniquely determine the Christoffel
symbols (in the absence of torsion, which we will assume for the purposes of
this talk.)

Unlike the coordinate derivative, this new covariant derivative doesn’t com-
mute: it is not, in general, true that for a general vector field Aρ, ∇µ∇νAρ “

∇ν∇µAρ. This “failure to commute” can be shown to be completely independent
of the derivatives of Aρ:

r∇µ,∇νsAρ “ ´RµνλρAλ,

where Rµνλρ is the Riemann tensor. If we were to construct the components of the
Riemann tensor in some coordinate system, we would find that it depends on
the first and second derivatives of the metric components gµν (via derivatives
of Γλµν), while being completely independent of the derivatives of the vector
field itself.

In this sense, then, the Riemann tensor defines a measure of “how curved”
a metric is; we can use it, for example, to quantify how much a vector parallel-
transported around a closed parallelogram fails to return to its original value
at the starting/ending point. We can also define a couple of useful contractions
of the Riemann tensor, the Ricci tensor and the Ricci scalar:

Rµν “ Rµρνρ and R “ Rµνgµν,

respectively.
We are now finally in a position to write down an action principle for

source-free general relativity. The Einstein-Hilbert action for the metric is simply

S “
1

16πG

ż

d4x
a

´gpR´ 2Λq

where Λ is the cosmological constant. (For our purposes, we will be uninter-
ested in cosmological effects in our models, and so will set Λ “ 0 from here on.)
The quantity

?
´g is the coordinate volume element, and is required to make

the whole integral invariant under diffeomorphisms.
The above action principle is perhaps surprisingly simple-looking. How-

ever, our fundamental field (the one we’re going to vary) is gµν, and there’s
a fair amount of implicit dependence on the metric hidden in this action. We
should therefore flesh out some of the details of how one varies the metric in
this action to obtain the Einstein equation; many details of this procedure will
be essential to our discussion in Section 2.
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The quantity inside the integral we want to vary is
?
´gRµνgµν; we need

to figure out how each of these three pieces will change under the variation
gµν Ñ g1µν “ gµν ` δgµν. The variation of the volume element can be shown to
be

δp
a

´gq “
1
2

gµνδgµν,

while that of the inverse metric can be shown to be

δpgµνq “ ´gµρgνσδgρσ.

(The minus sign can be seen to be necessary by calculating the quantity pgµν `
δgµνqpgνρ`δpgνρqq and demanding that it equal a Kronecker delta to first order.)

Finally, the Ricci tensor will also change when we change the metric, since
the covariant derivative of the metric will change. The difference between these
operators will be expressible in the form

p∇1µ ´ ∇µqAν “ ´δCνµρAρ

where the quantity δCνµρ can be shown to depend on the derivatives of δgµν with
respect to the original covariant derivative operator (i.e., the quantity ∇µδgνρ.)
The variation of the Riemann tensor, δpRµνρσq, will thus depend on the second
derivatives of δgµν, as will the variations of the Ricci tensor. In particular, it can
be shown that

δpRµνq “ ´
1
2

gρσ
„

1
2
∇µ∇νδgρσ ` ∇ρ∇σδgµν ´ ∇ρ∇pµδgνqσ



.

Thus, the variation of the entire Einstein-Hilbert action will be

δS “
ż

d4x
a

´g
„

1
2

gµνδgµνR` gµνδpRµνq ´ Rρσgρµgσνδgµν



.

The second term, depending on δpRµνq, can be integrated by parts to “move
the derivative” onto the inverse metric and the volume element; but since the
covariant derivative is chosen so that the derivative of these quantities vanishes,
this term will vanish. We are thus left with

δS “
ż

d4x
a

´g
„ˆ

1
2

Rgµνδgµν ´ Rµν
˙

δgµν



.

Thus, our equation of motion for source-free gravity is that

1
2

Rgµν ´ Rµν “ ´Gµν “ 0,

which is the familiar Einstein equation.
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2 Dynamics of tensor fields

So far we haven’t mentioned anything about Lorentz symmetry violation, or
about tensor fields that spontaneously break Lorentz symmetry. We’ll now
aim to rectify this situation. However, we’ll see that many of the techniques in
Section 1 are complicated by the presence of a dynamical tensor field; this will
end up restricting the types of actions that we’ll want to consider as reasonable
models of Lorentz-symmetry violation.

We want to construct a model of Lorentz symmetry violation which has dif-
feomorphism symmetry, but whose “low-energy solutions” (in an appropriate
sense) break Lorentz symmetry. The usual way to do this is to have a dynamical
tensor field T¨¨¨ (with the dots representing a general index structure), whose
potential energy is minimized when it is non-zero. If we want gravity itself
to have Lorentz-violating phenomena, we might also add in a direct coupling
between T¨¨¨ and the curvature. The full action will then be of the following
form:

S “
ż

d4x
a

´g

»

—

—

–

R
16πG

`
1
2
p∇Tq¨¨¨p∇Tq¨¨¨

loooooooomoooooooon

kinetic

` ξT¨¨¨R¨¨¨
looomooon

coupling

`VpT¨¨¨q
loomoon

potential

fi

ffi

ffi

fl

(1)

We can divide the terms that could appear in a general action into three broad
categories: “kinetic”, which (in the flat spacetime analogue) would determine
the time-evolution of T¨¨¨; “coupling”, which creates a direct coupling between
T¨¨¨ and the curvature (multiplied by a “small” coupling constant ξ to be able to
tune the Lorentz-violating effects appropriately); and “potential”, which will
consist of a potential energy VpT¨¨¨q that is minimized when T¨¨¨ is non-zero.
Each of these terms must be a spacetime scalar, which in practice means that
all of the indices of each term are fully contracted.

To obtain the full equations of motion, we must now vary our action with
respect to T¨¨¨ (sending T¨¨¨ Ñ T1¨¨¨ “ T¨¨¨ ` δT¨¨¨) and with respect to gµν. An
important question arises: which of the three types of terms (kinetic, coupling,
or potential) will change when with vary gµν? Obviously the volume element
?
´g will vary with gµν, but what about the terms involving T¨¨¨ in the square

brackets in the action above? It turns out that all three types of terms will vary
when we vary the metric:

• The kinetic terms can vary in two ways when we change the metric.
The more obvious way is that the full contraction of p∇Tq¨¨¨ with itself
may require some raising and lowering of indices, which requires an
implicit use of the metric or the inverse metric; these terms will vary
with the metric variation. A more subtle point (but in some ways a more
important one) is that the covariant derivative operator ∇µ also varies
when you vary the metric. We’ll return to this point in a moment.

• The coupling terms explicitly depend on the Riemann tensor, which
changes when you change the metric; they also can have implicit factors
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of the metric or inverse metric that arise from index raising & lowering,
as discussed in the context of the kinetic terms.

• The potential term must be a spacetime scalar constructed out of T¨¨¨; this
will again usually require the raising & lowering of T’s indices, and so
implicitly require the metric or inverse metric.

The variations of the kinetic terms and coupling terms are particularly
problematic. For the kinetic term, the variation of the fields will yield something
of the form (with indices temporarily suppressed)

δ

ˆ

1
2
p∇Tqp∇Tq

˙

„ p∇Tq p∇pδTq ` Tp∇δgqq ` p∇Tqp∇Tqpδgq (2)

„ p∇∇TqδT ` rTp∇∇Tq ` p∇Tqp∇Tqs δg

where we have integrated by parts in the second step. Note, in particular, that
the coefficient of δg we end up with will generically contain second derivatives
of T¨¨¨; thus, second derivatives of T¨¨¨ will appear in the Einstein equation.
Similarly, variation of the coupling terms will yield terms of the form

δpTRq „ RpδTq ` TpδRq
„ RpδTq ` Tp∇∇δgq
„ RpδTq ` p∇∇Tqδg

All told, then, a generic action of the form (1) will give rise to equations of
motion that are of the form

Gµν ` p∇∇Tq1¨¨¨ ` . . . “ 0 (3a)
p∇∇Tq¨¨¨ ` ξR¨¨¨ ` . . . “ 0 (3b)

(The ellipses in these two equations denote terms depending on T¨¨¨, gµν, and
their first derivatives.) The combinations of second derivatives that appear in
the modified Einstein equation will generically not be the same as those that
appear in the equation of motion for T itself; this is indicated by the use of the
prime on the second derivatives of T in the Einstein equation.

On its face, this doesn’t look problematic. However, there is a fundamental
problem here that is quite deeply buried. The structure of the highest-order
derivatives has changed in the equations of motion, and it is the highest-order
derivatives that appear that tell us essential information about how the fields
propagate, which fields are constrained, and what the degrees of freedom are.
An arbitrary flat-space theory, when generalized naively into curved space, can
have quite different properties for this very reason. An example of this was
given by Isenberg & Nester in [4]. Consider the theory of a vector field Aµ in
flat space with the following (weird) action:

S “
ż

d4x
“

BµAνBνAµ `m2AµAµ
‰
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A careful analysis of the degrees of freedom of this theory shows that it has
only one independent degree of freedom; all the rest of the degrees of freedom
are constrained. Suppose we now generalize this theory to curved spacetime
with a dynamical metric:

S “
ż

d4x
a

´g
„

R
16πG

` ∇µAν
∇νAµ `m2AµAµ



One might expect that this new theory would have three degrees of freedom:
one from the field (as in flat spacetime) and the two usual degrees of freedom of
the gravitational field. However, a careful analysis [4] reveals that this second
theory has not three degrees of freedom, but six! The coupling to gravity
destroys some of the constraints that were present in the flat-space theory,
allowing some previously constrained degrees of freedom to propagate.

This fundamental change in the structure of the differential equations de-
scribing the theory is particularly important if we wish to describe linearized
gravity in the presence of spontaneous Lorentz symmetry breaking, as was
done by Bailey and Kostelecký [5]. Suppose we were to linearize the full equa-
tions of motion (3), setting gµν “ ηµν ` hµν and T¨¨¨ “ T̄¨¨¨ ` t̃¨¨¨, where h and t̃
are “small” in an appropriate sense and T̄¨¨¨ is a constant tensor field on the flat
background. This would result in a set of linearized equations of the form

BBh` pBBt̃q1 ` . . . “ 0 (4a)
BBt̃` ξpBBhq1 ` . . . “ 0 (4b)

(Again, the ellipses denote terms depending on h, t̃, and possibly their first
derivatives.) The ultimate goal in Bailey & Kostelecký’s work was to obtain a
second-order partial differential equation for h, without any explicit reference
to the field fluctuations t̃. They therefore made an assumption (denoted “as-
sumption (v)” in Section II.B.3 of [5]) that the second derivatives of the field
fluctuations in (4a) can be eliminated in favour of second derivatives of h. The
only way this can be done, in general, is if the derivatives of t̃ that appear in (4a)
are identical to those appearing in (4b). It is certainly possible to imagine be-
ing able to solve equation (4b) for t̃ in terms of h and whatever other fields
are present—by Green’s functions, say, with some appropriate boundary con-
ditions imposed—and then plugging this solution for t̃ into (4a). However,
the resulting equation would include some kind of integral over space and/or
time, and would not result in a nice local partial differential equation for hµν.
To obtain a local second-order PDE for hµν, the derivatives of t̃ mus be elim-
inable in (4a) by simple substitution, and the only tool we have at hand for this
substitution is the equation of motion for t̃ (4b).

It seems, therefore, that requiring the equations of motion to be of this
form will actually restrict the types of models we look at. As an example, let
us consider a theory in which a vector field Bµ spontaneously breaks Lorentz
symmetry [6]. We can imagine a completely arbitrary form for the kinetic term
of Bµ, something like

LB “ K
µ
ν
ρ
σ∇µBν∇ρBσ ` . . .
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whereKµ
ν
ρ
σ is constructed locally out of the metric, the inverse metric, and Bµ

itself. We could in principle have terms like

K
µ
ν
ρ
σ “ p„qgµρgνσ ` p„qBµBσδρν ` . . .

with arbitrary coefficients for each term (possibly themselves dependent on the
norm of Bµ.) There are a finite number of such terms, and so we can essentially
parametrize all such possible models. However, if we examine the resulting
equations of motion, we find that the decoupling of h and B̃ required by Bailey
& Kostelecký only happens if the kinetic term for Bµ takes on the form

g̃µρ g̃νσFµνFρσ

where Fµν “ 2∇rµBνs and

g̃µν “ C1gµν ` C2BµBν.

C1 and C2 can also be functions of B2, in principle. If C2 “ 0 and C1 is indepen-
dent of B2, then we recover the usual bumblebee models [7]; for this reason, the
models found in [6] are known as “generalized bumblebee models.”

Note that in these generalized bumblebee models, the kinetic term for the
field Bµ is independent of the derivatives of the metric. Due to the symmetry
of the connection, we will have

∇
1
rµBνs “ ∇rµBνs

for any two derivative operators ∇1µ and ∇µ. This means that our variation of
the kinetic term will not give rise to second derivatives of T; essentially, the
form of the kinetic term guarantees that ∇δg terms do not appear in (2). This
obviates the problems we encountered with extra degrees of freedom in the
theory and non-local equations for the linearized metric hµν.

For more general tensor fields of higher rank, it would certainly be sufficient
to require our kinetic terms to be connection-independent to avoid these prob-
lems altogether. I suspect that this is in fact a requirement to get a theory that’s
“nice” in the above sense. There are some theories that satisfy this condition—
for example, any theory containing a completely antisymmetric n-form, with
a kinetic term defined in terms of its field strength. However, this “niceness”
condition does eliminate a large number of field actions you might otherwise
consider writing down.

3 Topological defects

(Note: this last section of the lecture was not delivered at the summer school due to
time constraints. I am including it here for completeness.)

I would now like to switch gears and talk about another effect that can arise
in the context of spontaneous Lorentz symmetry breaking: topological defects.
These are essentially soliton solutions to the field equations, and can arise in
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any theory in which a symmetry is spontaneously broken. Many properties of
these solutions are discussed in the literature (see [8] and references therein); I
will sketch out a few of these solutions in the context of Lorentz scalars before
relating how these ideas relate to spontaneous Lorentz symmetry breaking.

A topological defect is a solution which arises in a theory with a field whose
“vacuum manifold” M—defined as the set of all possible field values which
minimize the field’s potential energy—has certain topological properties. The
simplest possible model is a single real scalar field φ in a double-well potential:

S “
ż

d4x
„

´
1
2
BµφB

µφ´
λ
2
pφ2 ´ b2q2



This gives rise to the equation of motion

BµB
µφ´ 2λpφ2 ´ b2qφ “ 0.

We want to look for a time-independent solution for φ. It’s certainly a valid
solution to have φ “ ˘b everywhere in spacetime; the derivatives of φ are
zero, and the potential term vanishes as well. However, it turns out that the
following functions are solutions of the field equations as well:

φpxq “ ˘b tanhp
?
λbxq

This solution is independent of y, z, and t. The “vacuum manifold” for the field
φ consists of two points, φ “ ˘b; we can see that as x Ñ ˘8, φ approaches
different vacuum values. This solution is stable because of the form of the
potential and the fact that there are two disjoint vacuum values: if the field in
some region of space is changed continuous from ´b to `b (say), then it must
increase its potential energy, and the total amount of energy required to do this
over “half of space” (the points with x ă 0) would be enormous. Thus, we
are left with a “domain wall”, dividing the asymptotic regions with x ą 0 and
x ă 0, which is stable against collapse.

A more sophisticated example can be obtained by going from a real scalar
to a complex scalar field:

S “
ż

d4x
„

´
1
2
Bµφ

˚Bµφ´
λ
2
p|φ|2 ´ b2q2



The vacuum manifoldM ofφ in this theory is now a circle: all complex numbers
with |φ| “ b. This means that the domain wall solution we had for the real
scalar analogue is no longer stable: the field can get from´b to`b without ever
leaving the vacuum manifold by going through the complex plan. However, it
can be shown that a solution of the field equations exists of the following form:

φpr, θ, zq “ f prqeiθ

where f prq is a real function with

f p0q “ 0 and lim
rÑ8

f prq “ b.
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In other words, we have a cylindrically symmetric solution in which the mag-
nitude of φ depends on the radial coordinate and the phase of φ depends on θ.
As r Ñ8, then, φ approaches the vacuum manifold regardless of the direction
we travel; but it approaches different points in the vacuum manifold depending
on the direction we take r Ñ 8. Thus, the energy density of this field goes to
zero asymptotically as r Ñ 8; however, there’s a “tube” of non-zero energy
density in the central region. Such a solution is called a “cosmic string”.

Finally, we can extend this to a triplet of real scalars φA with an internal
Op3q symmetry:

S “
ż

d4x
„

´
1
2
BµφAB

µφA ´
λ
2
pφAφA ´ b2q2



In this case, the vacuum manifoldM is a two-sphere: all of the field triplets for
which pφ1q

2 ` pφ2q
2 ` pφ3q

2 “ b2. here exists a spherically symmetric solution
where the “magnitude” of the scalar triplet (pφ1q

2`pφ2q
2`pφ3q

2) depends only
on r, but in which the triplet approaches different values as we go to infinity.
Along the˘x direction, φA Ñ p˘b, 0, 0q; along the˘y direction, φA Ñ p0,˘b, 0q;
and along the ˘z direction, φA Ñ p0, 0,˘bq. This solution is called a monopole
solution.

All three of these solutions have their special properties because we can map
spatial “infinity” (in an appropriately defined sense) to the vacuum manifold
in a non-trivial way. By “non-trivial” here, we mean that we can’t deform this
map down to a constant map (i.e., a map from spatial infinity to a single field
value) while keeping the field in the vacuum manifoldM at all times. The three
types of vacuum manifolds that are of interest to us are:

• Vacuum manifolds with two disconnected regions. (In mathematical
jargon, the homotopy group π0pMq is non-trivial.) In this case, domain
wall solutions can arise; an example of this is the real scalar field theory
mentioned above.

• Vacuum manifolds containing a non-contractible loop. (In terms of ho-
motopy groups, π1pMq is non-trivial.) Such a vacuum manifold can give
rise to cosmic string solutions. An example of this is the complex scalar
field theory outlined above.

• Vacuum manifolds containing a non-contractible S2. (For such manifolds,
π2pMq is non-trivial.) In this situation, there is a possibility of monopole
solutions.

So what does all this have to do with Lorentz symmetry violation? Recall
Kostelecký’s no-go theorem: if we want Lorentz symmetry to be broken in the
presence of gravity, we need it to be broken spontaneously by some tensor field
T¨¨¨. This means that the vacuum manifold for our tensor will be more than
just a single field value, and it is possible that our vacuum manifold will have
a non-trivial topology.
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In fact, it is easy to see that this will be the case quite generally. Take the
simplest example of a vector field Aµ, whose potential energy is minimized
when AµAµ “ C, where C is some constant. If C ă 0, the vacuum manifold
consists of all timelike vectors of a given norm. For any negative value of C,
there are two such sets of vectors: the past-directed and the future-directed
vectors. Thus, the vacuum manifold is disconnected, raising the possibility
of domain walls. Similarly, if C ą 0, the topology of the vacuum manifold
can be seen to be S2 ˆ R. The component A0 can be chosen arbitrarily (which
gives rise to the R factor), and the three spatial components must then satisfy
~A2 “ C ` pA0q2 (a sphere for a fixed value of A0.) Thus, the topology of the
manifold is right to give rise to monopole solutions.

For a more general tensor field whose vacuum manifold is of the form
T¨¨¨T¨¨¨ “ C, I performed a general examination of the topology of such man-
ifolds in [9]. The result is that this type of manifold has the correct topology
for topological defects in the case of vectors, antisymmetric two-tensors, and
symmetric two-tensors (with or without trace); no other types of tensor fields
with rank r ď 5 have the right vacuum manifold topology. (If the vacuum
manifold is of a form other than “tensor squared is a constant”—for example,
a theory in which a symmetric tensor satisfies TabTbcTc

a “ C in vacuum—then
very little is known about the topology.)

However, while the correct topological conditions on the vacuum manifold
are necessary for topological defect solutions to exist, they are not sufficient;
the equation of motion for the field must support a solution that is static,
asymptotically approaches the vacuum manifold, and is not actually in the
vacuum manifold everywhere in space. Using the default choices of kinetic
terms for the above three types of vacuum manifolds, it can be shown that only
antisymmetric tensor fields can give rise to stable topological defect solutions;
the properties of these solutions were described in [10].

One other point must be made concerning the relevance of topological
defects in theories with spontaneous Lorentz symmetry breaking: if these
structures are possible in a model, a certain number of these structures will
generically be created in the early Universe at the time of the phase transition.
This idea is known as the Kibble mechanism, and the argument is basically as
follows: the phase transition from a Lorentz-symmetric phase (at high temper-
ature) to a Lorentz-violating phase (at lower temperature) will happen roughly
simultaneously at all points in the Universe. However, most points in the Uni-
verse will be out of causal contact with each other at this point; two randomly
chosen points in the Universe will not have overlapping past light cones, since
there’s only so far back in time we can trace these light cones until we run into
the Big Bang. The net result is that within each Hubble volume, the field will
randomly pick a field value somewhere in the vacuum manifold.

The problem is that these randomly chosen values will necessarily not be
able to smoothly match up with one another. If we imagine dividing the early
Universe up into Hubble-volume-sized “cells”, each cell will have “picked” a
different vacuum value for the field. By random chance, some neighboring
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cells will have picked values that correspond to the asymptotic conditions for
topological defects. In such a case, a topological defect will arise at the shared
boundary of these cells, with the different cells serving as the “asymptotic
region” for this defect. The number of such defects formed will be (to within
a few orders of magnitude) one defect per Hubble volume at the time of the
phase transition. Thus, if topological defects are possible in a theory, some of
them will form in the early Universe.

Whether or not such defects would still exist today is another question en-
tirely. To answer this question, one would need to examine how easily a defect
and an anti-defect could find each other and annihilate in the subsequent evolu-
tion of the Universe; for the antisymmetric tensor defects, this has not yet been
done. One could also look for observational signatures of these defects (light-
bending, for example); this would help to place constraints on the parameters
of such a theory.
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