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1 Motivations and Goals

The Standard-Model Extension (SME) is defined as the general effective field theory
(EFT) that incorporates Lorentz violation.

In flat Minkwoski spacetime, the SME has the following features:
⇒ it is defined in terms of an observer-scalar Lagrangian L
⇒ it includes dynamical matter fields φ, ψ, Aµ, . . .
⇒ it includes fixed background tensors aµ, bµ, cµν , . . . that break Lorentz symmetry
⇒ it includes the Standard Model (SM), QED, . . .

The goals of my talk are to review how the SME is merged with gravity theory.

Specifically, the gravity sector should
⇒ include GR and extensions of GR
⇒ incorporate backgrounds in curved spacetime
⇒ include fermions and matter couplings
⇒ provide a framework for gravitational phenomenology
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2 GR and Field Theory

In GR, gravity is due to the curvature of spacetime. It is sourced by the presence of
energy-momentum. To describe a curved spacetime, a coordinate system xµ can be
introduced, which can be used to form a coordinate basis for tensors in the tangent
space at each point. The components of tensors λµ, τµν , etc. are then given with
respect to this basis. To preserve tensor equations, a connection Γµνσ and covariant
derivatives Dν are introduced, where

Dνλ
µ = ∂λµ + Γµνσλ

σ. (1)

To obtain the metric gµν , Einstein’s equations need to be solved,

Gµν + Λgµν = 8πGT µνM . (2)

Here, Gµν = Rµν + 1
2
Rgµν is the Einstein tensor, where Rµν is the Ricci tensor, Λ is a

cosmological constant, and T µνM is the energy-momentum tensor for the matter fields.
The Einstein tensor obeys the contracted form of the Bianchi identities

DµG
µν = 0 (3)

and the metric obeys Dλgµν = 0. Together these require that the energy-momentum
tensor must be covariantly conserved, obeying

DµT
µν
M = 0. (4)

The Lagrangian formulation of GR is given in terms of an action

S =
∫
d4x
√
−gL, (5)

where g = det(gµν) and

L =
1

16πG
(R− 2Λ) + LM. (6)

LM is the Lagrangian for the matter fields. Varying with respect to the metric gives
Einstein’s equations, where the energy-momentum tensor is obtained inside the action
by the variations

T µνM =
2√
−g

δ(
√
−gLM)

δgµν
. (7)

In GR, equations of motion are all covariant under general coordinate transformations
(GCTs). These are examples of observer transformations. Invariance under GCTs is
required so that the physics cannot depend on the observer or the choice of coordinate
system.

GR also has a symmetry known as diffeomorphism invariance. Diffeomorphisms are
mappings of the manifold to itself. Each point is translated by a spacetime-dependent
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four-vector ξµ, where the point at xµ → xµ + ξµ. These are active transformations,
which transform the components of dynamical tensors gµν , A

µ, etc. The changes in
the tensor components are given by the Lie derivative Lξ. For example, for a scalar
field

φ→ φ+ Lξφ = φ+ ξα∂αφ, (8)

while for the metric
gµν → gµν +Dµξν +Dνξµ. (9)

Diffeomorphisms act in some respects like a gauge symmetry involving the local four
vectors ξµ. Under a diffeomorphism the action in GR is invariant, obeying

(δS)diffs = 0 (10)

The freedom under diffeomorphisms can be used to gauge away four degrees of free-
dom in the metric. This leaves up to six components in gµν that can be physical.
However, in GR, with an Einstein-Hilbert action, four of these components are aux-
iliary and do not propagate as physical modes. This leaves two physical degrees of
freedom in GR, which are the degrees of freedom associated with a massless graviton.

Note that in GR there are ten Einstein equations, Gµν = 8πGT µνM (with Λ = 0), where
DµG

µν = 0 holds as an identity. Thus, there are six dynamically independent compo-
nents in Gµν , which matches up with the metric having up to six independent modes
after accounting for the four diffeomorphisms. This means that the four equations,
DµT

µν
M = 0, that result from taking the divergence of Einstein’s equations cannot be

satisfied using degrees of freedom from the metric alone. Instead, these equations
must be satisfied using four degrees of freedom associated with the matter fields.

3 Vierbein Formalism

In GR, local Lorentz invariance usually remains hidden away in local frames. There
is also difficulty in including fermions in GR, since spinors ψ cannot be represented
using tensor components (with Greek indices) defined with respect to the coordinate
basis. To overcome these problems, a vierbein formalism can be used. This involves
making a change of basis in the tangent space at each spacetime point to a new basis,
which is a local Lorentz frame. The components of tensors with respect to the new
Lorentz basis are labeled using Latin indices. A requirement for the choice of the new
basis is that the components of the metric must become ηab with respect to the new
basis, where ηab is the Minkowski metric. The choice of local frame is not unique.
Other frames are obtained by making a local Lorentz transformation.

An arbitrary vector ~λ can be written in terms of the spacetime basis or a local basis
as

~λ = λµ~eµ = λa~ea. (11)

Here, ~eµ and ~ea are, respectively, the basis vectors with respect to the spacetime
coordinate frame and with respect to a local Lorentz frame.
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Since the new basis set consists of linear combinations of the original set at each
spacetime point, the components λµ and λa can be related to each other at each
spacetime point. The relationship is given in terms of four spacetime covariant vectors
e a
µ , which are known as the vierbein,

λa = e a
µ λ

µ. (12)

Here, the letters a = 0, 1, 2, 3 label the components with respect to the local Lorentz
frame, but these are treated simply as labels when working with a theory in the
spacetime frame.

In particular, when using a vierbein the metric can be rewritten as

gµν = e a
µ e

b
ν ηab. (13)

An inverse vierbein eµa can also be introduced. It gives the inverse metric,

gµν = eµae
ν
bηab. (14)

The Greek indices on the vierbein are raised and lowered using gµν , while the Latin
indices are raised and lowered using ηab. The vierbein and inverse vierbein also obey,

e a
µ e

µ
b = δab , e a

µ e
ν
a = δνµ. (15)

3.1 Local Lorentz symmetry

Using a vierbein treatment, both the diffeomorphism and local Lorentz transforma-
tions (LLTs) become symmetries of the theory. Under a diffeomorphism, the vierbein
transforms as a set of spacetime vectors,

e a
µ → e a

µ + Lξe a
µ = e a

µ + (∂µξ
α)e a

α + ξα∂αe
a
µ . (16)

Alternatively, under a LLT, the vierbein transforms as a local Lorentz vector

e a
µ → Λa

b(x)e b
µ . (17)

An infinitesimal local Lorentz transformation can be written in terms of six local
coefficients εab(x) = −εba(x) as Λa

b = δab + εab. In this case, an infinitesimal local
Lorentz transformation of the vierbein becomes

e a
µ → e a

µ + εab(x)e b
µ . (18)

Since LLTs are carried out at each spacetime point, the coefficients εab(x) depend
on the coordinates xµ. To maintain covariance when derivatives are used, a second
connection ω ab

µ , called the spin connection, must be introduced. In terms of it, the
covariant derivative of the vierbein is given as

Dµe
a
ν = ∂µe

a
ν − Γλµνe

a
λ + ω a

µ be
b
ν . (19)

Since the metric obeys Dλgµν = 0, the covariant derivatives of the vierbein vanish
as well, Dλe

a
µ = 0. This allows relationships to be determined between ω a

µ b, the
connection Γλµν , and partial derivatives of the vierbein ∂µe

a
ν .
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3.2 Riemann-Cartan spacetime

In gravitational theories that include fields with intrinsic spin, such as spin-1
2

fermions,
a new geometrical quantity known as torsion T λµν can be introduced. It is defined as

T λµν = Γλµν − Γλνµ (20)

In GR, where the connection Γλµν is symmetric in the lower two indices, the torsion
vanishes. The curvature tensor is the relevant geometrical quantity in GR, which
is sourced by energy-momentum. The spacetime in GR is a Riemann spacetime.
However, when spin is present, this acts as a source of spacetime torsion, and the
resulting spacetime generalizes to what is called a Riemann-Cartan spacetime.

In a gravitational theory in Riemann-Cartan spacetime using a vierbein description,
both the vierbein e a

µ and the spin connection ω a
µ b are treated as independent fields.

A generic action can be written as

S =
∫
d4x eL(e a

µ , ω
a
µ b, φ, ψ,A

µ, Dµψ, . . .), (21)

where e =
√
−g and φ, ψ, Aµ, Dµψ, . . . denote conventional matter fields and their

derivatives. If this action is varied with respect to the vierbein, the result is Einstein’s
equations relating the curvature to the energy-momentum density. Alternatively, if
the action is varied with respect to the spin connection, the result is the equations
relating the torsion with the spin density.

Using a vierbein treatment and allowing a Riemann-Cartan geometry, it becomes
straightforward to introduce fermions. The starting point is the usual description in
terms of Dirac theory in special relativity. Quantities such as the Dirac matrices γa

are defined in a local Lorentz frame where the metric is ηab. The vierbein is then used
to define the corresponding quantity in the spacetime frame, for example, the Dirac
matrices become eµaγ

a. Partial derivatives acting on fermion fields become covariant
derivatives involving the spin connection,

∂µ → Dµψ = ∂µψ +
i

4
ωµabσabψ, (22)

where σab is the commutator i
2
[γa, γb].

The Lagrangian in a vierbein treatment must be a scalar with respect to both diffeo-
morphisms and LLTs. For tensor quantities, scalar combinations of tensors can be
combined using either spacetime components or local components. For example, a
quadratic mass term for a vector field can be written as

L = AµgµνA
ν

= eµaA
ae c
µ e

d
ν ηcde

ν
bA

b

= δcaA
aηcdδ

d
bA

b

= AaηabA
b (23)
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Evidently, the vierbein drops out of scalar combinations that do not involve deriva-
tives, so that the combination can be written in terms of the local components Aa

and the local metric ηab.

In deriving the equations of motion of a gravitational theory involving tensor quan-
tities, such as a vector, it must therefore be decided whether the basic quantities to
vary in the scalar Lagrangian are the spacetime components Aµ or the local quan-
tities Aa. This choice affects how the vierbein appears. It therefore also affects the
definition of the energy-momentum in a vierbein formalism, which is obtained inside
the action as

T µνe =
1

e
eνa

δ(eL)

δe a
µ
. (24)

The result of varying with respect to the vierbein is Einstein’s equations (with Λ = 0),

Gµν = 8πGT µνe . (25)

In general, the form of the energy-momentum tensor in the vierbein formalism T µνe will
differ from that of the energy-momentum obtained using the metric. This is especially
the case when there is torsion. However, for consistency, the energy-momentum tensor
T µνe in a vierbein treatment must still obey

DµT
µν
e = 0. (26)

4 Fixed Backgrounds in Gravitational Theories

To develop the SME in the presence of gravity at the level of effective field theory, it
is necessary to include fixed background fields in the curved spacetime. These are the
SME coefficients aµ, bµ, cµν , . . . , which can be denoted generically as fixed tensors
with components k̄µν··· when written using the spacetime coordinate basis. However,
with respect to the local Lorentz basis, the components can be denoted as k̄ab···

As fixed backgrounds, or SME coefficients, these field components transform as ten-
sors under observer GCTs or observer LLTs. However, they do not transform under
the particle symmetries. They remain fixed under both particle diffeomorphisms
(diffs) and particle LLTs,

k̄µν··· → k̄µν··· (particle diffs), (27)

k̄ab··· → k̄ab··· (particle LLTs). (28)

In contrast, all the nonbackground dynamical fields transform under both particle
diffs and LLTs.

Since both k̄µν··· and k̄ab··· are fixed under particle transformations, this means they
are related by a fixed vierbein, which is denoted using a bar,

k̄µν··· = ē a
µ ē

b
ν · · · k̄ab···, (29)

where ē a
µ → ē a

µ under both particle diffs and LLTs.
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4.1 Diffeomorphism Breaking & Consistency Issues

The presence of fixed tensor components in both the local Lorentz frame and the
spacetime frame, which are linked by a fixed vierbein ē a

µ leads to a general result
that when particle LLTs are broken so are particle diffs, and vice versa. It is not
possible for a fixed background tensor to break diffeomorphism invariance without
also breaking local Lorentz invariance at the same time.

Note that in contrast to the case of observer scalars formed out of dynamical fields,
for example, gµνAµAν = ηabAaAb, where the vierbeins canceled out, this is not the
case when a fixed background is present. Instead, with a fixed background aµ,

gµνaµaν = eµae
ν
bη
abē c

µ ē
d
ν acad

6= ηabaaab (30)

The dynamical vierbein does not cancel with the fixed vierbein.

As a result of this, a Lagragian L formed as an observer scalar constructed using a
combination of dynamical matter fields and fixed background SME coefficients will
not be a scalar under particle diffs or LLTs. Under these off-shell transformations,
the action will change and

(δS)particle transfs 6= 0. (31)

This is in contrast to GR in the absence of symmetry breaking, where particle diffs
and LLTs leave the action invariant. It is for this reason that fixed backgrounds are
excluded from GR.

The question naturally arises whether it is consistent to introduce a fixed background
tensor in a dynamical theory of gravity, which breaks both diffs and LLTs. To address
this issue consider a generic gravitational theory with an action

S =
∫
d4x eL(e a

µ , k̄µν···, f
ψ), (32)

where here k̄µν··· is a fixed background tensor that breaks diffs and LLTs and fψ

denotes a generic dynamical matter field. The variation of the action under particle
diffs can be computed as

(δS)particle diffs =
∫
d4x

[
δ(eL)

δe a
µ
Lξe a

µ + e
δL
δfψ
Lξfψ

]
6= 0. (33)

Here, the diifeomorphism transformations involve the Lie derivatives Lξ acting on the
background fields. This is an off-shell result, where the action is not invariant due to
the particle breaking.

At the same time the theory is broken by the particle diffs, it must remain invariant
under observer GCTs, including coordinate transformations given as xµ → xµ + ξµ.
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These have a similar mathematical form as the particle diffs, except in this case all
of the fields transform and the action must be invariant obeying

(δS)GCTs =
∫
d4x

[
δ(eL)

δe a
µ
Lξe a

µ + e
δL
δfψ
Lξfψ + e

δL
δk̄µν···

Lξk̄µν···
]

= 0. (34)

This too is an off-shell result.

Since the mathematical form of these terms are similar to the particle-symmetry case,
(34) can be combined with (33) to give

(δS)particle diffs = −
∫
d4x e

δL
δk̄µν···

Lξk̄µν··· 6= 0. (35)

Note that since the symmetry is broken by the background,

Lξk̄µν··· 6= 0 (36)

should hold in the integral.

Next, look again at (34), and now consider the on-shell case, which is when the
equations of motion hold. Notice that the first two terms on the right-hand side
involve variations with respect to the dynamical fields e a

µ and fψ. These variations
vanish on shell. The result of the observer invariance requires that on shell the integral
of the last term must vanish,

(δS)GCTs, on−shell =
∫
d4x e

δL
δk̄µν···

Lξk̄µν··· = 0. (37)

This is potentially in contrast with the result in (35), which is the off-shell statement
that particle diffs are broken. Thus, there is a potential consistency issue when a
fixed background field is included in a gravity theory.

4.2 Spontaneous vs. Explicit Breaking

There are only two ways to go from here, which distinguish the cases of when the
symmetry breaking is spontaneous versus when it is explicit.

The case of spontaneous symmetry breaking occurs when the fixed background k̄µν···
is in fact a dynamical field. In this case, the variations

δL
δk̄µν···

= 0 (38)

can be applied as well inside the action, and the conflict between Eqs. (35) and (37)
is avoided. In this case, the fields k̄µν··· and ē a

µ are solutions of the equations of
motion. This means that at the level of EFT k̄µν··· is actually the solution for a fully
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dynamical field kµν···. The solution k̄µν··· is then a vacuum solution, denoted using
brackets, where the vierbein and matter fields also take vacuum solutions,

〈kµν···〉 = k̄µν···, (39)

〈e a
µ 〉 = ē a

µ , (40)

〈fψ〉 = 0. (41)

When the symmetry breaking is spontaneous, there are a number of theoretical issues
that must be considered, such as whether there are Nambu-Goldstone modes. When
the broken symmetries are local symmetries, such as in the case of diffs and LLTs in
gravity, the question of whether a Higgs mechanism can arise needs to be considered
as well. These are the topics that will be looked at in my second talk.

The second alternative is when the symmetry breaking is explicit. In this case, the
background k̄µν··· is not a dynamical field and therefore the variations with respect to
it need not vanish, and the integrand

δL
δk̄µν···

Lξk̄µν··· 6= 0 (42)

inside the action. There is therefore a potential conflict with Eq. (37), which stems
from the observer invariance. With explicit breaking, neither the background k̄µν···
nor the fixed vierbein ē a

µ are physical solutions.

The question then is how can the integral in (37) vanish on shell when (42) holds due
to the symmetry breaking.

There appear to be two possible resolutions. The first is that the theory is inconsistent
and the only way out is to require that the fixed background k̄µν··· must vanish. The
second is that the integrand in (42), which appears in both (35) and (37), equals a
total derivative on shell. This permits the integral to vanish despite the fact that the
integrand is nonzero.

Examples of both of these outcomes exist. A simple case that does not survive as
a viable theory is when an explicitly time-dependent cosmological constant Λ(t) is
added to GR. The only option that is consistent in this case requires that ∂µΛ(t) = 0.
That is, Λ must be a constant.

An example where inconsistency is avoided due to a total derivative appearing in the
integrand in (35) and (37) is provided by models of massive gravity. In massive gravity
theories, it is not possible to form a quadratic mass term using just the dynamical
metric, since gµνgµν is simply a constant. Instead, a background field is used to form
a quadratic mass term. For example, using a symmetry two-tensor background k̄µν ,
a possible mass term might contain products (gµν k̄µν)

2.

In theories such as these where the explicit symmetry-breaking term is a function of
only the metric and the background, e.g., L(gµν , k̄µν), an off-shell relation involving
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the diffeomorphism vectors ξµ and the energy-momentum tensor can be shown to
hold. It has the form

(DµT
µν)ξν +

δL
δk̄µν
Lξk̄µν = Dµ

(
2
δL
δgαβ

gµαξβ
)
. (43)

Thus, whenDµT
µν = 0 holds on shell, the terms of the type appearing in the integrand

in (35) and (37) equal a total derivative. As a result, the inconsistency is avoided for
these types of models.

It is useful to consider how this is achieved dynamically. Recall that in GR, there
are four gauge degrees of freedom due to diffeomorphism invariance. As a result the
four equations DµT

µν = 0 that follow from Einstein’s equations must be satisfied by
degrees of freedom that come from the matter sector. However, when diffeomorphisms
are explicitly broken, the metric therefore has up to ten degrees of freedom, four more
than in GR. These additional degrees of freedom are the ones that would have been
gauge except for the symmetry breaking.

Indeed, if the metric is redefined in terms of a gauge-fixed part and a pure-gauge
part in terms of the vectors ξµ. Then, by making field variations with respect to
the additional components ξµ, the equations of motion that follow are precisely that
DµT

µν = 0 must hold. In other words, the would-be-gauge degrees of freedom in
the metric become dynamical and impose covariant energy-momentum conservation
as their equations of motion. The matter sector does not need to provide degrees of
freedom to satisfy DµT

µν = 0. Instead, they are provided by the extra degrees of
freedom in the metric.

The origin of the fixed background remains mystery when the symmetry breaking is
explicit. Although the fixed background has no back reactions, the extra modes in
the metric step in so as to ensure that the energy-momentum associated with the
fixed background is nonetheless covariantly conserved. At the same time, the extra
degrees of freedom in the metric do not couple to ordinary matter. Thus, there are
no clear signals for detecting the fixed background. It also must be the case that the
metric must have sufficient degrees of freedom to ensure that DµT

µν = 0 holds. In
some cases, this rules out certain ansatz solutions for the metric and background. For
example, there is no solution for a spatially flat Robertson-Walker metric when the
background has a similar symmetry.

All of these features are very different from GR and from the case when the spacetime
symmetry breaking is spontaneous. With spontaneous breaking, a fixed background
such as k̄µν··· can occur as a vacuum expectation value provided the metric and other
fields have suitable vacuum values as well. It must also be understood that Nambu-
Goldstone modes should appear. In this case, with these modes present, the full
theory is invariant under diffeomorphisms and local Lorentz transformations. There
should also be a more fundamental theory that gives rise to the EFT that contains
the vacuum value k̄µν···. Examples of such models and how the Nambu-Goldstone
modes can be interpreted will be look at in my second talk.
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Because of the unnatural behavior associated with the fixed background in the case of
explicit breaking and the appearance of extra modes in the metric which do not have
natural couplings to matter, the SME adopts the point of view that the backgrounds
(SME coefficients) that appear in the gravity sector must originate as vacuum values in
a process of spontaneous diffeomorphism and local Lorentz breaking. Thus, when the
SME coefficients such as aµ, bµ, cµν , . . . are added in the gravity sector, it is assumed
that they are vacuum values of a dynamical field. This avoids all the potential conflicts
that can occur with explicit breaking. It also means that Nambu-Goldstone modes for
these coefficients as well as in the metric must be properly accounted for. Techniques
for doing this have been worked out and will be discussed in some of the other talks.
Phenomenological tests will be discussed elsewhere as well.

5 Constructing the SME with gravity

With these understandings, the SME gravity sector can now be constructed. A vier-
bein treatment is used, and for generality a Riemann-Cartan geometry is allowed.
Thus, the spin connection and the torsion are dynamical in this scenario.

For fermions, standard Dirac Lagrangian terms from QED and the SME in Minkowski
spacetime can be extended into a gravitational theory using the vierbein and covariant
derivatives that involve the spin connection. For example, these terms could include,

Lfermions = iψ̄eµaγ
aDµψ −mψ̄ψ − aµψ̄eµaγaψ − bµψ̄eµaγ5γ

aψ + · · · . (44)

Here, the covariant derivative is

Dµψ = ∂µψ +
i

4
ω ab
µ σabψ, (45)

and aµ, bµ, . . . are SME coefficients that couple to the fermions in a curved gravita-
tional background.

In addition, the SME can have a pure-gravity sector. The Lagrangian for this sector
can be divided into a Lorentz-invariant part and a Lorentz-violating part,

Lgrav = LLI
grav + LLV

grav. (46)

The terms LLI
grav consist of observer scalars formed out of e a

µ , ω ab
µ , and their deriva-

tives, or equivalently the terms can be formed using the curvature tensor Rκ
λµν and

the torsion T λµν . However, the Lorentz-violating terms LLV
grav can be formed as ob-

server scalars using e a
µ , ω ab

µ , etc.. and their derivatives, as well as the relevant SME
coefficients for the pure-gravity sector.

5.1 Riemannian limit

Clearly, there are an unlimited number of terms that can go into LLV
grav when both

higher-dimensional operators and higher derivatives are included. However, as a first
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step in developing a phenomenological framework to be used in gravitational tests of
relativity, it is useful to work with a minimal extension of GR that include Lorentz
breaking. In this limit, the torsion can be set to zero and a model can be defined in
Riemann spacetime. An Einstein-Hilbert term and cosmological constant term can
be used for the metric terms in the absence of matter and Lorentz breaking.

In this case, the leading-order terms for the extension in Riemann spacetime takes
the form.

LRiemann =
1

16πG

[
(1− u)R− 2Λ + sµνRµν + tκλµνRκλµν

]
, (47)

Other talks coming up will describe some of the experimental tests that have been
able to put bounds on these SME coefficients.
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