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This is the second in a series of three lectures given at the IUCSS summer school
during June of 2015. The lectures contain a brief introduction to the minimal Stan-
dard Model Extension (SME), an overview of renormalization in this framework, and
the connection to Finsler geometry. These lectures are part of a coherent week-long
program at IUCSS and therefore may rely on notation and concepts covered in other
lectures.



II. Renormalization in the minimal SME

One of the requirements for a term to be in the minimal SME is that it be power-

counting renormalizable. ”Power-counting renormalizable” refers to the very simple

condition that the dimension of the operators that are allowed is restricted to be

less than or equal to the spacetime dimension of the theory. In four dimensions this

means any operator of dimension five or above is not included. This simple principle

is applied in the Standard Model as the lagrangian is constructed by including all

of the possible power-counting renormalizable terms that are consistent with the

symmetry group. It is remarkable that such a simple condition actually leads to a

renormalizable standard model, as the actual proof of all-orders renormalizability is a

highly nontrivial endeavor. For example, the 1999 Nobel prize was given to ’t Hooft

and Veltman for the explicit proof that electroweak theory is in fact renormalizable

to all orders in perturbation theory.

Counting mass dimensions is a simple process once the various dimensions of the

various contributors are identified. The mass dimension of m is +1 by definition, the

coordinates xµ have mass dimension -1, and the derivatives with respect to these coor-

dinates have mass dimension +1 The lagrangian density is integrated over spacetime

(d4x) in order to generate a unitless action. Examination of some relevant lagrangian

terms

Lfermion ⊃ mψψ, Lphoton = −1

4
(∂µAν − ∂νAµ)2, (1)

allows for easy identification of the mass dimensions of the fermion and boson fields

as 3/2 and 1 respectively. An example of a dimension five operator is the electric

dipole moment operator

λψσαβγ5ψFαβ, (2)

mentioned in my previous lecture. Such a term included explicitly into QED would

not be renormalizable since the one loop corrections to various physical processes

would now generate additional infinite terms that cannot be subtracted from existing

lagrangian parameters. The theory would require an infinite set of new higher-order

lagrangian terms with coupling constants to be determined by experiments. Tradi-

tionally, such theories were considered as having no predictive power, however, some
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more recent work has suggested that within the context of effective field theory such

a procedure could be implemented in a self-consistent way. This would occur, for

example, if a term of the form shown in Eq.(2) was radiatively induced by other new

physics (such as SUSY or GUTS) that is in fact renormalizable. In this case, the

term arises as an effective Lagrangian of a more complete theory and is completely

consistent as a leading-order approximation of the full theory.

A good example of this has already occurred in history, if one looks at a four-

fermion (dimension 6) interaction introduced by Fermi to describe muon decay

L =
GF√

2
νµγ

α(1− γ5)µeγα(1− γ5)νe, (3)

the term involves an undetermined Fermi constant GF to be fixed by experiments.

Only much later when the W -bosons were introduced was it determined that the full

theory is in fact constructed using dimension less than or equal to four operators and

the dimension 6 operator is just an effective term that is induced when the W is

integrated out of the theory. This led to the important connection

GF =

√
2

8

g2

M2
W

, (4)

as the prediction for the coefficient of the dimension 6 operator in terms of the mass of

theW -boson and the SU(2) coupling constant g. Such a condition is called a matching

condition in effective field theory. At higher energies, the full W -boson propagator

(M2
W − k2)−1 must be used in the Fermi interaction. Expanding this in powers of

k2/M2
W inside the 4-fermion term will yield an infinite series of higher-dimensional

operators that include higher powers of derivatives with additional suppression by

MW . Attempts at performing renormalization in such a theory would at first appear

to be a failure as the higher than dimension 6 operators would not be included in

the theory. One can imagine experimentally finding a series of such operators prior

to guessing an underlying theory that presumably involves renormalizable operators.

This is the essential idea behind ”effective field theory” in which heavy degrees of

freedom are integrated out of an underlying theory.

If a similar thing happens with Lorentz-violating physics, it is natural for higher-

order operators to be suppressed by some mass scale involved in the more fundamental
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theory. If this is the Planck scale, then the Planck mass is the most natural choice for

this suppression factor. This indicates that the minimal SME parameters may be the

most likely to be observed if there is no other reason for them to vanish identically. It is

therefore of great interest to see if the minimal terms induce higher-dimensional terms

at the loop level requiring a complicated expansion, or if they renormalize among

themselves. Remarkably the answer seems to be that they are in fact renormalizable

at one-loop, at least to leading order in Lorentz-violating parameters.

The first such calculation involved the QED sector [1]. In this work, the Lorentz

violation coefficients were treated as perturbation terms that contributed extra ver-

tices and propagator insertions. One of the main results of this paper is that the

various Lorentz violation coefficients feed into each other and require renormalization

in the same way that the electric charge and mass constants do in conventional QED.

For example, the correction to the photon propagator at one loop due to fermion

insertions is calculated as

ωµν(p) =
iq2

12π2ε

[
(pµpν − p2ηµν)− c(µν)p

2 − 2cαβp
αpβ + c(µα)p

αpν + c(να)p
αpµ

]
, (5)

where the parenthesis represent symmetrized indices. The correction terms in this

expression contribute a divergent constant to the CPT-even kF terms in the pho-

ton lagrangian. This means that the coefficients for Lorentz violation included in

the original lagrangian are bare parameters that require renormalization. Any ex-

perimentally measured Lorentz violation parameters will therefore correspond to the

result obtained when the divergent terms are subtracted from the bare parameters.

One interesting feature of the result (5) is that only c(µν) contributes. This fact

is largely due to the fact that most of the fermion Lorentz violation parameters have

symmetries that do not match the photon terms. For example, Hµν is odd under

charge conjugation while the possible photon operators are all even. Other terms with

compatible symmetries to the CPT-odd photon term (like the bµ term) have divergent

parts that happen to drop out, another remarkable feature of the details in carrying

out the explicit renormalization procedure. In fact, a non-vanishing contribution of

bµ to the photon kµAF term would in fact largely rule out any possible bµ couplings in

fermion sectors as the bounds on CPT violation in the photon sector are extremely
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tightly bounded by cosmological birefringence measurements.

Another interesting result of one-loop analysis in QED is the vanishing of the di-

vergent contribution to the three point photon vertex functions. This is a generaliza-

tion of Furry’s theorem in conventional QED and is essential for the renormalization

procedure to work.

Once the divergent contributions for renormalization have been computed to one

loop, it is possible to perform a renormalization group analysis on the parameters. It is

shown in [1] that a logarithmic running occurs in which the running of all parameters

are determined in terms of the running of the charge, similar to what happens in the

conventional case. An interesting new feature is that the coefficients run in slightly

different ways due to their corresponding beta functions.

Following this work in QED, the calculations were extended to the non-Abelian

sectors of the minimal SME in a series of three papers [2]. The first of these papers

covered the pure Yang Mills theory and performed the calculations in the same dia-

grammatic manner as the previous QED paper. The main new feature that appears

in the nonAbelian case is the presence of tree-level three- and four-point functions

for the gauge bosons (I will refer to them as gluons...). This leads to a much more

complicated calculation for the leading divergent factors, but due to the magic prop-

erties of the gauge invariance, all problematic terms cancel and the theory is in fact

renormalizable at one loop. The coupling constants run in a similar way to those of

QED with modified factors due to the sum over gauge group elements. The second

paper included fermions into the calculation and applied the method to the QCD sec-

tor of the minimal SME. A significant improvement in the calculation scheme made

use of the background field method to express the divergent contributions in terms of

functional determinants. Far fewer diagrams were involved and entire sectors could

be summed over all at once using the trace over the fields in the functional determi-

nant. The idea of functional determinants is to express the effective action formally

as a functional integral over all possible field configurations

eiΓ(Ψ) =
∫
DΨ exp i

∫
d4xL[Ψ+Ψ], (6)

where Ψ+Ψ represents the fields as a constant ”background” field Ψ plus a fluctuating
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field Ψ that gets integrated over. This gives rise to terms bilinear in the fluctuating

fields on the right hand side leads to the one-loop effective action Γ for the theory.

Explicit evaluation of these terms leads to gaussian integrals over operators known

as functional determinants. The logarithm is taken to extract the effective action,

so the method is often referred to as a ”log-det” type calculation. Expanding the

logarithm and keeping the lowest-order non-trivial term gives the two-point functions

of the theory and allows identification of the divergent terms. When this is done,

similar results are obtained to pure Yang Mills with additional contributions arising

from the fermions running around the loops. An interesting result of this paper

is the contribution of τ couplings to the photon kF terms. The photon sector is

far more tightly bounded, so this indicates an example where radiative corrections

can be useful in obtaining new theoretical bounds. The last of these three papers

tackles the electroweak sector, again applying the log-det method to sum over left-

and right-handed multiplets. An additional contribution comes from the Lorentz-

violating terms in the Higgs sector, but they only contribute to the trace kF terms

and cause no problems.

Finally, we note that the calculations involving nonAbelian theories have all been

performed using dimensional regularization. This regularization procedure preserves

the symmetries of the theory such as gauge invariance and is very convenient in ob-

taining consistent results. In fact, it was originally developed precisely to preserve the

gauge symmetry properties of Yang Mills theory and allow for a consistent renormal-

ization proof. Unfortunately, the treatment of γ5 and the Levi-Civita tensor εµναβ are

problematic within the context of dimensional regularization. Finite terms computed

using dimensional regularization are inconsistent when these parameters are involved.

Calculation of the finite radiative corrections and their physical implications remains

an interesting open problem.
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