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Meta-comments:
Request: 
Interrupt me if you have any questions or comments!

Thank you:
1. to the IUCSS for inviting me.
2. to everyone that I’m stealing from.
3. to Winston Churchill for convincing me that prepositions
    are OK to end a sentence with.

Universal assumptions / approximations:
1. This is minimal SME: flat spacetime, mass dimension = 3 or 4.
2. I’ll set all Lorentz violation coefficients aµ, eµ, dµν, etc. to zero 
except bµ and cµν. See published papers for full generality.
3. Everything I say is correct to first order in bµ, and cµν. 
A few things may be correct to higher order, but I make no promises.

Connect to non-minimal notation: 

bµ = b(3)µ = −1

3
mg̃

(4)αµ
eff α , cµν = c(4)µν = c

(4)µν
eff



Outline
Prelude: Clock-Comparison Experiments
1. Relativistic hamiltonian for Dirac fermions from the SME action.
2. Foldy-Wouthuysen xform to extract the nonrelativistic hamiltonian. 
3. Nuclear- and atomic-model assumptions that are handy. 
4a. Energy-level shifts to atoms (initial). 
Interlude: The Wigner-Eckart Theorem.
4b. Energy-level shifts to atoms (continued).
5. Further considerations for relating theoretical framework 
    to experiments. 
6. Earth-based experiments. 
7. Space-based experiments. 
Interlude: Noncomutative geometry.
8. The End.

Surprise Interlude: Lorentz Violation Observed!

?
??



=
Atom in uniform B-field,
with ladder of energy levels

Prelude: Clock-Comparison Experiments
a. How to build an atomic clock



photon

1. Frequency measurements can probe atomic energy levels
Important points

3. In conventional physics, clock frequency is independent of 
    clock axis and clock velocity.

2. B field defines orientation of clock: "clock axis"

State 1

State 2

frequency ~ Energy 1 - Energy 2

Prelude: Clock-Comparison Experiments
b. How to read an atomic clock



 

Lorentz violation
Rotation and/or boost violation

Suppose the frequency of a given clock
depends on its orientation and/or velocity

Prelude: Clock-Comparison Experiments
c. How clocks are connected to the SME

≈ bµ



Theory predicts them!
Experiment seeks them!

Prelude: Clock-Comparison Experiments
c. How clocks are connected to the SME

Frame-Dependent
Energy-Level Shifts

in atomic clocks!

 

� 10-23  to  10-33 (GeV)
Lorentz-
violation

parameters

Typical sensitivity
in atomic expts:



Prelude: Clock-Comparison Experiments
d. Question
Suppose we ride Earth as it rotates with our clock.

How are our clock frequency measurements related to each other
from moment to moment? 

A. Particle transformations. 
B. Observer transformations. 
C. Neither. 
D. Both. 
E. None of the above.



1. Extraction of Relativistic Hamiltonian
a. Need for field redefinition

1st method to try: Apply Euler-Lagrange equation, 
 solve for i∂tψ = Hψ

Recall: The minimal lagrangian for a single free, massive SME fermion is

L = 1
2
iψΓν

↔
∂ν ψ − ψMψ , where

Problem: This yields a non-hermitian hamiltonian!
Homework: Prove this to yourself. Identify the troublemakers.

2
M := m + µγ

µ + bµγ5γ
µ + 1Hµνσ

µνa

Γν := γν + cµνγ
µ + dµνγ5γ

µ + eν + ifνγ5 +
1
2
gλµνσ

λµ



1. Extraction of Relativistic Hamiltonian
b. Field redefinition that works

H = m(γ0 + P0 + O0 + E0) , where

mP0 := −pjγ
0γj

mO0 := −b0γ5 − (cjk − c00ηjk)p
kγ0γj

mE0 := −(c0j + cj0)p
j − bjγ5γ

0γj − mc00γ
0

Solution: Work in terms of a different field χ defined by 

ψ = Aχ =
[
1 − 1

2
γ0(Γ0 − γ0)

]
χ

You can think of this as a change of basis in the field space, 
so it doesn’t change the physics any.

Once you’ve put this in the lagrangian, you can apply Euler-Lagrange
and find a nice, hermitian hamiltonian:  



2. Foldy-Wouthuysen Transformation
a. Motivation

At this time, it’s best to do 2 fairly natural things:

2. Pick a specific set of gamma matrices:

1. Think of our 4x4 matrices as 2x2 block matrices (with each block
    being an ordinary 2x2 matrix).

γ0 =

(
1 0
0 −1

)

, γj =

(
0 σj

−σj 0

)

Several results follow:
1. In the nonrelativistic limit, the upper 2 components of χ
    satisfy the Schrodinger equation with spin.
2. In the nonrelativistic limit, the lower components of χ are 
    smaller than the upper components by a factor of p/m.
3. We can’t just disregard the lower components, though, because 
    the hamiltonian couples them to the upper components.



2. Foldy-Wouthuysen Transformation
b. Strategy

Transform to a basis in which:
1. The lower components of χ are still suppressed with respect to the 
    upper components.
2. The hamiltonian is approximately block-diagonal.
    That is, the off-block-diagonal parts are suppressed with respect 
    to the block-diagonal parts.

χ̃1,2 � χ̃3,4 ,

H̃ = eiSHe−iS =

(
BIG small
small irrelevant

)

χ̃ = eiSχ ,



2. Foldy-Wouthuysen Transformation
c. Implementation

eiS = eγ
0γ5φ , tan 2φ =

|γ5γ
0�γ · |
m

Here’s a transformation that does the job:

Fun homework:
1. Show that this can be written as a linear combination of 
    the identity matrix and �γ ·   , with coeffients that are 
    ordinary functions of p and m.
2. Apply this transformation yourself to get the nonrelativistic 
    hamiltonian.
3. This transformation is independent of the Lorentz-violation 
    coefficients! Figure out why this can work.



2. Foldy-Wouthuysen Transformation
d. Result

Here’s the resultant 2x2 nonrelativistic hamiltonian:

δh = −mc00 + m(c0j + cj0)
pj
m

+ m(−cjk − 1
2
c00δjk)

pjpk
m2

[
−bj + b0

pj
m

+
(
−1

2
blδjk +

1
2
bjδkl

) pkpl
m2

]
σj

This is correct to:
1. First order in b and c
2. Second order in p/m

Questions:
1. Is it already correct to higher orders in b and c? 
2. Why not calculate higher orders in p/m? 
3. Why not calculate higher orders in σ? 



3. Handy Assumptions, Approximations
a. Free-particle perturbation

Big Question: How on Earth can we justify using perturbation to 
     free-particle hamiltonian for bound particles?!?

Sharpen question: Perfect hamiltonian would be
h = h0 + δh + δhneglected

h0 = full conventional hamiltonian, including atomic forces,
    nuclear forces, interaction with external fields, etc. 

where

δh = SME perturbation to free-particle hamiltonian
δhneglected = SME perturbation to everything else

How can we justify neglecting δhneglected ?



3. Handy Assumptions, Approximations
a. Free-particle perturbation

δhneglected has, for example, a term proportional to q �B ·�b
By dimensional analysis, it must be divided by m

For nuclear, atomic, and external fields, though, 
qB

m2
∼ 10−2, 10−5, 10−10

This indicates that these terms are much smaller than the 
free-particle perturbations we are including.

More systematic argument:
1. δhneglected is an analytic function of everything 
    except mass and angular momenta around zero, so:
2. It is well approximated by a multivariable Taylor series. 
3. Applying dimensional analysis to each term suggests that:
4. Each δhneglected term is suppressed with respect to δh terms. 



3. Handy Assumptions, Approximations
b. Atomic and nuclear models

Assume that electrons, neutrons,
and protons fall into shells.

Why this is useful: Filled shells are 
spherically symmetric, and therefore 
insensitive to rotation violation to 
leading order!

In fact, we usually assume that 
dominant energy shift comes from 
single valence electron, neutron,
and/or proton.

Shell Models:

Schmidt Models:

This model requires that the single 
particle carry all of the nuclear or 
electronic angular momentum.



Example: 133Cs has 78 neutrons, 
  55 protons, nuclear spin I=7/2, 
  55 electrons, electronic spin 1/2.

3. Handy Assumptions, Approximations
b. Atomic and nuclear models

133Cs is insensitve to neutron-
associated Lorentz violation. 

According to our model, 

Proton-associated Lorentz violation
may be calculated by perturbing a 
single proton in a g7/2 state.

Electron-associated Lorentz violation
may be calculated by perturbing a 
single electron in a s1/2 state.



4. Energy-Level Shifts to Atoms
a. Strategy

δhatom =
∑

w=e,p,n

Nw∑

N=1

δhw,N

1. Treat atom as a bunch of individual particles:

2. As with usual perturbation theory, evaluate expectation value 
    of δhatom in each relevant atomic state |F,mF>.

4. Apply the magic of the Wigner-Eckart Theorem!

3. In most cases, 〈δhatom〉 will have only one or two nonzero terms 
    due to our nuclear/atomic models. 



Interlude: The Wigner-Eckart Theorem
a. A Metaphor or Example

Suppose you want to calculate quantities Mjk:=AjBk , where Aj and Bk
are ordinary vectors. Imagine that each one is unpleasant to calculate.

Then Mjk =
∣∣∣ �A

∣∣∣ cos θj
∣∣∣ �B

∣∣∣ cosφk for some angles.

Look at a particular quantity: Mzz =
∣∣∣ �A

∣∣∣ cos θz
∣∣∣ �B

∣∣∣ cosφz

After a wee bit of algebra, 

Mjk =

(
cos θj cosφk

cos θz cosφz

)

Mzz

just geometry only one difficult calculation!



Interlude: The Wigner-Eckart Theorem
b. The Theorem Itself

Similarly, the Wigner-Eckart Theorem reduces calculation of lots of 
related expectation values to geometry and one expectation value:

Clebsch-Gordon
coefficients =
just geometry

only one
expectation value!

〈F, m|T (r)
q |F ′, m′〉 =

(
CFm

rqF ′m′

CFF
r0FF

)

〈F, F |T (r)
0 |F, F 〉

Somewhat annoying part: The hamiltonian terms need to be expanded
in a nice basis, e.g., 

bjσ
j = b3σ

3 + 1
2
(b1 − ib2)(σ

1 + iσ2) + 1
2
(b1 + ib2)(σ

1 − iσ2)

(r, q) = (1, 0) part of �σ

(r, q) = (1,+1) part of �σ

(r, q) = (1, −1) part of �σ



Interlude: The Wigner-Eckart Theorem
c. Analogy or Example?

Question:

This expression involves classical numbers, angles, and tensors:

Mjk =

(
cos θj cosφk

cos θz cosφz

)

Mzz

How does it relate to the Wigner-Eckart Theorem?
1. It is just an analogy.
2. It is an example. 
3. It is an example, but only in a certain limit. 
4. It is an example, but only given certain other hypotheses. 
5. It is not an example at all, and not a very good analogy.



4. Energy-Level Shifts to Atoms
b. Apply Wigner-Eckart

〈F, m|T (r)
q |F ′, m′〉 =

(
CFm

rqF ′m′

CFF
r0FF

)

〈F, F |T (r)
0 |F, F 〉

Now, nice stuff begins to happen:
1. For expectation values,             and                  so only 
    contributes.

F = F ′ mF = m′
F q = 0

2. The relevant Clebsch-Gordon ratios are fairly simple:
(

CFm
00Fm

CFF
00FF

)

= 1

(
CFm

10Fm

CFF
10FF

)

=
m

F

(
CFm

20Fm

CFF
20FF

)

=
3m2

F − F (F + 1)

3F 2 − F (F + 1)



4. Energy-Level Shifts to Atoms
b. Put it all together.

〈F, mF |δhatom|F, mF 〉 =
(

mF

F

)
Ed +

(
3m2

F − F (F + 1)

3F 2 − F (F + 1)

)

Eq

Ugh.
It’s time for some pictures!

w=e,p,n

Ed =
∑

−bw3 〈[σ3]w〉 +
(

stuff that’s zero
in our model

)
(Dipole
type)

Eq =
∑

w=e,p,n

−mw(c
w
11 + cw22 − 2cq33)

〈
[p2

1 + p2
2 − 2p2

3]w
6m2

w

〉

+

(
stuff that’s zero
in our model

)

(Quadrupole
type)



4. Energy-Level Shifts to Atoms
c. Pictures.

mF=−3/2

F=3/2

mF=+3/2

mF=+1/2

mF=−1/2 E0

E0

E0

F=3/2

mF=−3/2

mF=+3/2

mF=+1/2

mF=−1/2
E0+Ed

E0+Ed

E0+Ed

F=3/2

mF=−3/2

mF=+3/2

mF=+1/2

mF=−1/2 E0+Eq

E0−Eq

E0

Conventional
Zeeman splitting

Dipole-type
shifts

Quadrupole-type
shifts

Note: It’s time to
begin thinking about

transition frequencies
(energy gaps)
instead of just

single energies!



5. Relating to Experiments
a. Comparing 2 clocks.     

2 co-located clocks P & Q with freq. ωP & ωQ

Find combination of ωP & ωQ that:
 1. is identically zero in conv. physics
 2. varies with orientation/velocity in SME.

Two complications:
1. How to tell whether a single clock
    is varying or not?
2. Earth’s magnetic field can mimic 
    Lorentz violation: 
    The frequency can vary with orientation 
    even in conventional physics.

  

These problems have the same solution: Introduce ω#

Introducing ω# Part 1: 



Write each frequency as

ω = f (B) + δω

conventional frequency
Lorentz-violating correction

For example, 

 +++=δω neutronprotonproton bdb 333
~)(~)(~)(

FmBgBf ∆µ=)(( (
Intuition: ( )ω= −1fBeff ~ effective magnetic field measured by each clock

f −1 ~ magnetometer function

5. Relating to Experiments
a. Comparing 2 clocks.     

Introducing ω# Part 2: 



Define bridge between theory and experiment:

= ( )[ ]QQPP ff ω−ωω −1#

Theoretical value:

QP v δω−δω=ω#

           is clearly zero in conventional physicsω#

ratio of
gyromagnetic ratios

Lorentz-violating corrections

  
  

5. Relating to Experiments
a. Comparing 2 clocks.  

v =
(dfP/dB)

(dfQ/dB)

∣∣∣∣∣
B=0

≈

Introducing ω# Part 3: 



 

5. Relating to Experiments
a. Comparing 2 clocks. 

Experimental value:
Expt. strategy 1 (naive): Measure ωP, ωQ at each instant.

( )[ ]QQPP ff ω−ω=ω −1#Plug into

Compare result to QP v δω−δω=ω#

Uh oh: This requires exquisitely precise knowledge of fP & fQ

Expt. strategy 2*: Force ωQ to be constant
(e.g., by application of feedback B field).

( )constant irrelevant+δω−δω=ω QPP v
Hence: (i) ωP is sensitive purely to honest Lorentz-violating effects

(ii) fP, fQ don't need to be known in detail

( )[ ]QQPP ff ω−ω=ω −1#
constant in this case

QP v δω−δω=
always

* Berglund, et al., PRL 75 (1995)



Then

Thus



+ (...) cos 2Ωt + (...) sin 2Ωt
ω# ~ const. + (...) cos Ωt + (...) sin Ωt

lab on Earth:
lab in Low Earth Orbit:

Earth around Sun:

v/c ~ 2x10-6
v/c ~ 3x10-5
v/c ~ 10-4

Sidereal variation:
Dipole spectrum shifts unsuppressed
Quadrupole spectrum shifts unsuppressed
Time-like components suppressed by v/c

Twice-sidereal variation:
Dipole spectrum shifts suppressed by v/c

Quadrupole spectrum shifts unsuppressed
Time-like components suppressed by v/c

Experimental bounds: Each |(...)| � 10−25 to 10−33 GeV

 

5. Relating to Experiments
a. Comparing 2 clocks. 



6. Time Variation in Earth-Based Expts
a. Pictures.

ΩtΩt

Z

Y
X

y

x

z

χ

χ

=Earth’s rotation axis

Quantization axis
of experiment



Sidereal Day
≈ 23 hr 56 min

Solar Day
≈ 24 hr

Sidereal effects ↔ meaningful
Solar effects ↔ mundane

6. Time Variation in Earth-Based Expts
a. Pictures.



 
Surprise Interlude: Lorentz Violation Observed!
Recent experiment: Karl Jansky built a resonant electric circuit 
sensitive to frequency of 20.5 MHz.

 

Initial findings: Strong signal
at 3 times:
1. Nearby thunderstorm.
2. Distant thunderstorm. 
3. Noon each day.

Initial, obvious interpretation: 
Sun was triggering circuit.

Good physics: 
Jansky didn’t rest with 
obvious interpretation.

Careful finding: Strong signal 4 minutes earlier each day:
Period = 23 hours 56 minutes!
Conclusions: 1. Orientation-dependent signal.
                      2. Not solar-system related.

⇒ Lorentz violation?
No, radio waves from center of Milky Way



6. Time Variation in Earth-Based Expts
a. Pictures.

mF=−3/2

F=3/2

mF=+3/2

mF=+1/2

mF=−1/2 ω0

ω0

ω0

F=3/2

mF=−3/2

mF=+3/2

mF=+1/2

mF=−1/2
ω0+ωd

ω0+ωd

ω0+ωd

F=3/2

mF=−3/2

mF=+3/2

mF=+1/2

mF=−1/2 ω0+ωq

ω0−ωq

ω0

time

ω0

fre
qu

en
cy

Frequency =
constant

time

1 sidereal day

ω0+ωd

Frequency ∼
constant

time

 sidereal day

ω0+ωq

ω0

ω0−ωq

+ (...) cos Ωt
+ (...) sin Ωt

+ (...) cos 2Ωt
+ (...) sin 2Ωt

Frequency ∼
constant

+ (...) cos Ωt
+ (...) sin Ωt

+ (...) cos 2Ωt
+ (...) sin 2Ωt



6. Time Variation in Earth-Based Expts
b. Formulas.

b3 = bZ cosχ + bX sinχ cosΩt + bY sinχ sinΩt

The background tensor fields themselves don’t vary with time.
However, their components in Earth’s frame do:

c11 + c22 − 2c33 = c̃Q(
3
2
cos 2χ− 1

2
)

+ 3
2
c̃Q,X sin 2χcosΩt + 3

2
c̃Q,Y sin 2χsinΩt

−3
2
c̃− sin 2χcos 2Ωt − 3

2
c̃XY sin 2χsin 2Ωt

These tilde-quantities are just linear combinations of nonrotating-frame
components, e.g., 
c̃Q := m(cXX + cY Y − 2cZZ) c̃Q,X := m(cXZ + cZX), , etc.
They are intimately related to the spherical-basis components, e.g., 

c̃Q = −
√√√√√√√
45

4π
mc

(4)
220



bX, bY

bT

bZ

dQ

d−

HXT

HZT
d+

HYT

gT

dYZ

dZ

dXY
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Combination Proton Neutron Electron

∗ = No bound according to
  nuclear Schmidt model,
  bound likely in more realistic
  nuclear model

− = No bound

log10(bound)GeV
for combinations of 

Lorentz-violation parameters
gTZ

gYX

gXZ

gXY
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6. Time Variation in Earth-Based Expts
b. Results of completed experiments. 



clock axis
parallel to
velocity

XVV-
mode

orbit

7. Time Variation in Space-Based Expts
a. Possible setup.



Earth-based experiments: only effects orthogonal to Earth's rotation axis. 

Remember: Energy shift depends on relative orientations,
  e.g., 

If   is along Earth's rotation axis, then b is constant.b


δω

Advantage 1: Freedom in satellite orbits leads to 
  sensitivity to more parameters

(clock axis)⋅δω

bb ~

b σ b

(clock
axis)

Space-based experiments may rotate around arbitrary axes
Sensitive to effects with any orientation

7. Time Variation in Space-Based Expts
b. Advantages.



Advantage 2: Satellites have short orbital periods, 
  so data may be taken faster
Earth-based: one (sidereal) day for clock to rotate once. 

It takes 16 days to collect 16 rotations worth of data.
Clock stability is difficult to maintain for this long time.

16 rotations worth of data in about 1 day.

Many satellites: much shorter orbital periods, 
  e.g., satellite in Low Earth Orbit has period of about 90 minutes ≈ day/16. 

7. Time Variation in Space-Based Expts
b. Advantages.



Advantage 4: Technical experimental advantages.

Satellites are nearly in free-fall, so effective gravitational 
  effects are ~10-6 as strong as on Earth.
This is advantageous for, e.g., fountain clocks.
Less experimental disturbance due to isolation of satellite 
  from outside influence. 

Advantage 3: Increased sensitivity to boost effects.

For Earth-based experiments, special-relativity boost 
  effects are suppressed by                    due to slow 
  speed of point on Earth's surface. 

6102~ −×

Similar effects in satellites are suppressed less. 
  For example, an experiment in Low Earth Orbit
  would have boost effects suppressed by only 5103~ −×
This is about 15 times better.

7. Time Variation in Space-Based Expts
b. Advantages.



Disadvantage 1: $$$$

Disadvantage 2: Fundamental research

Probably won't help put man on Mars. 
(Could make very nice compass if found, though.)

Space-based experiments are expensive.

7. Time Variation in Space-Based Expts
c. Disadvantages.



+ (...) cos 2Ωt + (...) sin 2Ωt
ω# ~ const. + (...) cos Ωt + (...) sin Ωt

lab on Earth:
lab in Low Earth Orbit:

Earth around Sun:

v/c ~ 2x10-6
v/c ~ 3x10-5
v/c ~ 10-4

Sidereal variation:
Dipole spectrum shifts unsuppressed
Quadrupole spectrum shifts unsuppressed
Time-like components suppressed by v/c

Twice-sidereal variation:
Dipole spectrum shifts suppressed by v/c

Quadrupole spectrum shifts unsuppressed
Time-like components suppressed by v/c

Plausible experimental bounds: Each |(...)| ≤ 10−25 to 10−33 GeV

7. Time Variation in Space-Based Expts
c. Formulas.



7. Time Variation in Space-Based Expts
c. Formulas. Coefficient of cos Ωt 

in 〈δh〉 for a single 
particle species. 

ω# is a combination
of 12 of these 

(3 particle species, 
2 atoms, 2 states 

per atom).



qeffective = (1 + 1
4
fµνθµν)q

cnc
µν = −1

2
qfµλθλν

δωnc ∼ (cnc
11 + cnc

22 − 2cnc
33) ∼ qBθ12

Interlude: Noncommutative geometry

For constant, uniform electromagnetic field fµν, 
a particle of charge q experiences 

effective charge 

effective (hence a quadrupole shift)
Thus, for a constant, uniform magnetic field B along z, 
certain transitions experience a spectrum shift

time

F=3/2

mF=−3/2

mF=+3/2

mF=+1/2

mF=−1/2
ω0+ωnc

ω0−ωnc

ω0

ω0+ωnc

ω0

ω0−ωnc

1 sidereal day
Quadrupole

Spectrum Shift,
but Sidereal

Time Dependence
Frequency ∼ const. + (...) cos Ωt + (...) sin Ωt

(atomic
spin)

|θY Z | , |θZX | ∼< (10 TeV)−2Best bound from clock-comparison experiments:

Basic idea: Spacetime coordinates don’t commute: [xµ, xν] = iθµν

The background field θµν violates Lorentz symmetry.



8. The End.
a. Any questions?


