
Quentin Bailey                                                   
Department of Physics and Astronomy                                           

Embry-Riddle Aeronautical University, Prescott, AZ 
Third IUCSS Summer School and Workshop on the Lorentz- and CPT-violating 
Standard-Model Extension, Bloomington, Indiana, June 15-June 23  

iStockphoto.com/rwarnick 

cancellation of the changes of the Newtonian force. (1) The
clamp was assembled by three elaborately ground and
polished glass blocks, which helped to locate the sus-
pended fiber to the center of the pendulum’s body with
an uncertainty of 1:5 !m in the X direction. (2) An
L-shaped glass (the alignment glass in Fig. 1) was used
to touch the fiber in the X direction to acquire the relative
positions, and then the source mass can be adjusted face to
face with the test mass with an uncertainty of 1:9 !m in the
X direction. By taking the errors of all actual measure-
ments into account, the net change of the Newtonian torque
in the experimental range (0.4–1.0 mm) was calculated to
be !" ! "0:65# 1:59$ % 10&16 Nm (peak-peak), and a
perfect cancellation was designed at the gap of 0.7 mm
between the test and the source mass. Therefore, the total
uncertainty of the amplitude was determined to be

0:9"! 1
2

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
0:652 ' 1:592

p
$ % 10&16 Nm. The main error

budget of the !" is shown in Table I.
Spurious torques from the electrical force between W1

and W3 was minimized by inserting a tightly stretched,
45-!m-thick square beryllium-copper membrane, and the

smallest gap between W1 and the membrane was set to
"263# 1$ !m. For the same reason, a 200-!m-thick glass
membrane was inserted between W2 and W4, and a larger
gap between the W2 and the membrane was kept to about
2.7 mm. The pendulum, the glass blocks, and the mem-
branes were all gold-coated to lower the effect of the
electrostatic interactions. Furthermore, to further minimize
the difference of the electrostatic surface potential, the
residual differential potential between the pendulum and
the two membranes were found, respectively, and then
compensated individually in each experimental cycle by
using the same method as described in Ref. [15].
The entire system was installed inside a vacuum

chamber maintained at a pressure of approximately
10&5 Pa by an ion pump. The torsional motion of the
pendulum was monitored by the autocollimator I.
The pendulum-to-membrane separation was first set at
approximately 3 mm, and the free oscillation of the pen-
dulum was recorded. The fiber’s torsional spring constant
is kf ! "8:99# 0:06$ % 10&9 Nm=rad, determined from

the intrinsic period (T0 ! 680:0# 2:0 s) and the inertia
momentum [Ip ! "10:54# 0:01$ % 10&5 kgm2] of the

pendulum. A copper cylinder for gravitational calibration,
mounted on a turntable fixed outside of the vacuum cham-
ber, was rotated continuously at a period Tco ! 400 s. The
response of the pendulum was accordingly determined as
"co ! "5:6# 0:4$ % 10&16 Nm (shown in the top panel in

FIG. 1 (color online). Schematic drawing of the experimental
setup (not to scale). The membrane frames, the source mass, and
its driving stage were mounted on a 6-degree-of-freedom stage
(not shown here), which was used to adjust the relative positions
and orientation. The protrudent left surface of the alignment
glass was used to touch the fiber by moving the source mass in X
direction to acquire the relative positions between the pendulum
and the source mass. The pendulum twist was measured by the
autocollimator I, and controlled by applying differential voltages
to the two capacitive actuators. The separation between the
tungsten test and source masses was modulated by driving a
motor translation stage with frequency fs, and the sensitivity of
the pendulum was calibrated by rotating the copper cylinder at
frequency fc. The autocollimator II was used to monitor the
changes of the source mass’s attitude synchronously due to the
yaw and pitch motions of the driving stage around its shaft.

TABLE I. The main error budget (with 1#).

Main error sources
Measurement
uncertainty

$"!"$
(10&16 Nm)

Tungsten plate W1

Thickness 0:12 !m 0.24
Mass 0.6 mg 0.28
Mass of adhesive on W1 1.0 mg 0.41

Tungsten plate W2

Thickness 0:12 !m 0.27
Mass 0.6 mg 0.27
Mass of adhesive on W2 1.0 mg 0.40

Tungsten plate W3

Thickness 0:13 !m 0.30
Position in Z direction 0:42 !m 0.26
Mass of adhesive on W3 1.0 mg 0.40

Tungsten plate W4

Position in Z direction 0:38 !m 0.32
Density inhomogeneity 0.42

Position of fiber in X direction 1:47 !m 0.44
Alignmentsa 0.76
Stability of PI driving stage 0.28
Othersb 0.69
Total 1.59

aRelative positions and parallels between the pendulum and
source mass platform.
bTotal uncertainties of dimensions and positions of the glass
blocks and other tiny error sources.
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Pure-gravity sector of the SME 
•  Lagrange density 

•  Quadratic action limit 

(Bailey & Kostelecký PRD 06, Bailey et al PRD 15, Kostelecký & Mewes PLB 16, Bailey and Havert PRD 17) 

•  Key properties 
–  Diffeomorphism invariant (linear) 
–  particle Lorentz-symmetry violation 
–  Consistent with spontaneous-symmetry breaking origin 
–  Contains CPT breaking terms 

make use of abbreviations for multiple partial derivatives so
that, !jkl… ! !j!k!l… and we will use parenthesis (brack-
ets) for symmetrization (antisymmetrization) of indices
with a factor of one half.

II. THEORY

The general setting for the SME treatment of spacetime-
symmetry breaking is Riemann-Cartan spacetime, which
includes torsion couplings. One begins with a coordinate
invariant set of scalars in the Lagrange density added to
general relativity and the matter sector of the standard
model. These extra terms break the spacetime symmetries
of local Lorentz symmetry, diffeomorphism symmetry,
and can also break CPT symmetry [2]. The origin of the
symmetry-breaking terms can be explicit or through a
dynamical mechanism such as spontaneous spacetime-
symmetry breaking which may occur in an underlying
theory. While general spacetime settings with torsion and
even nonmetricity have recently been studied [13], in this
work we shall focus on the Riemann spacetime limit with
vanishing torsion.
At present there are two approaches to the gravitational

sector of the SME. The first is a general coordinate
invariant version where the coefficients controlling the
degree of symmetry breaking are assumed to be either
explicit or to have an origin in spontaneous symmetry
breaking. The second version focuses on the weak-field
regime where the spacetime metric can be expanded around
a Minkowski metric as

gμν ! ημν " hμν; #1$

and uses a quadratic Lagrange density as the starting point.
In this case the coefficients are assumed to take their
vacuum values and are coupled to the metric fluctuations
hμν in a way that is consistent with the spontaneous
breaking of Lorentz symmetry. Both of these approaches
overlap in the linearized limit and we shall adopt the latter
since our focus is on weak-field effects.
To start, note that the linearized field equations of general

relativity can be derived from a quadratic (in hμν) Lagrange
density. This takes the form

LGR ! ! 1

4κ
hμνGμν "

1

2
hμν#TM$μν; #2$

where Gμν is the linearized Einstein tensor, we have
included a conventional coupling to the matter stress-
energy tensor #TM$μν, and κ ! 8πGN .
In the context of quadratic actions and linearized field

equations, the most general Lorentz and CPT-breaking
action consistent with gauge symmetry (linearized diffeo-
morphism symmetry) is known [6,7,12]. The terms in this
expression are organized by the mass dimension of the
operator involving hμν its derivatives, with the Lagrange

density for GR having a mass dimension of 4 in natural
units (or equivalently a length dimension of 4). Coupled to
these operators are the coefficients for Lorentz violation,
which are labeled by the appropriate mass dimension of the
operator. The mass dimension 4 term represents the lowest
order, or minimal, Lorentz-breaking term that can be
written in this series and it takes the form

L#4$ ! 1

4κ
s̄μκhνλGμνκλ; #3$

where Gμνκλ is the double dual of the linearized Riemann
curvature tensor and the 9 a priori independent coefficients
are contained in the symmetric traceless s̄μν. This term has
been extensively studied and independent measurements
now exist from a variety of tests, both terrestrial and space-
based [3]. The best solar-system limits on the dimension-
less s̄μν coefficients are at the level of 10!8–10!11 from
lunar laser ranging [14], while constraints inferred from
distant cosmic rays reach 10!13–10!14 on these coefficients
[15]. Note that while the s̄μν coefficients affect the
propagation of gravitational waves through the dispersion
relation, the resulting constraints from the observation of
gravitational wave events [16] yield poor sensitivity com-
pared to those obtained by other tests [6]. This result is in
contrast to the higher mass dimension coefficients in the
SME expansion.
While the minimal SME in the gravity sector has been

explored, higher mass dimension terms in the Lagrangian
have only begun to be explored. The next two terms in the
nonminimal SME expansion in the gravity sector can be
written in terms of a covariant action [7], or a quadratic
effective action [6]. For the latter form, the mass dimension
5 operator term appearing in the SME expansion can be
written as

L#5$ ! !
1

16κ
hμν#q#5$$μρανβσγ!βRρασγ; #4$

where the coefficients are #q#5$$μρανβσγ and have dimensions
of inverse mass or length, and Rρασγ is the linearized
Riemann curvature tensor. There is complete antisymmetry
in the first 3 indices and Riemann symmetry in the last four
indices. Using Young tableaux it can be established that
there are 60 independent coefficients. The Lagrangian (4)
breaks CPT symmetry for gravity, which is defined
operationally as resulting from the operator !βRρασγ having
an odd number of spacetime indices [2].
It is important to note that the terms present in (4) are

interpreted perturbatively, as small corrections to the
dynamics of hμν from GR. This means that we do not
consider modes in the associated dispersion relation of
higher than the second power in momentum, which
essentially means we are avoiding Ostrogradski instabilities
[17,18]. Note also that the condition on the partial
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cient fields triggering the spontaneous Lorentz violation,
and LM describes the matter. The term LLV can be writ-
ten as a series involving covariant gravitational operators
of increasing mass dimension d,

LLV =

!
"g

16!GN
(L(4)

LV + L(5)
LV + L(6)

LV + . . .). (2)

Each term is formed by contracting the coe!cient fields
k!"... with gravitational quantities including covariant
derivatives D! and curvature tensors R!"#$. Here, we
consider explicitly terms with 4 # d # 6, though much
of our discussion can be directly generalized to larger d.

The minimal term L(4)
LV with d = 4 is [3]

L(4)
LV = (k(4))!"#$R

!"#$. (3)

The dimensionless coe!cient field (k(4))!"#$ inherits the
symmetries of the Riemann tensor and can be decom-
posed into its traceless part t!"#$, its trace s!", and its
double trace u. Within the post-newtonian treatment
outlined above, the coe!cient u acts as an unobserv-
able rescaling of GN [16]. In pure gravity, the coe!cient
s!" can be removed via coordinate definitions [3], but
more generally it generates many phenomenological ef-
fects, and its 9 independent components have been con-
strained to varying degrees down to about 10!10 by nu-
merous analyses using data from lunar laser ranging [4],
atom interferometry [5, 6], short-range tests [7], satel-
lite ranging [8], precession of orbiting gyroscopes [9], pul-
sar timing [10], and perihelion and solar-spin precession
[8, 11]. The coe!cient t!"#$ is absent at leading orders
in the post-newtonian expansion, and to date its 10 in-
dependent components have no known physical implica-
tions for reasons that remain mysterious (the ‘t puzzle’).
For d = 5, the general expression using curvature and

covariant derivatives is

L(5)
LV = (k(5))!"#$%D

%R!"#$. (4)

In the linearized limit, or more generally under the oper-
ational definition of the CPT transformation [3], the ex-

pression D%R!"#$ is CPT odd. Any e"ects from L(5)
LV in

the nonrelativistic limit would therefore represent pseu-
dovector contributions to the associated Newton gravi-
tational force rather than conventional vector ones, and
hence they would lead to self accelerations of localized
bodies. Analogous issues are known for some CPT-odd
terms in other sectors [17]. Any stable models with terms

of the form L(5)
LV therefore cannot lead to e"ects on nonrel-

ativistic gravity, and so their phenomenology lies outside
our present scope.
Instead, we focus on Lorentz violation at d = 6, for

which we write L(6)
LV in the form

L(6)
LV = 1

2 (k
(6)
1 )!"#$%&{D%, D&}R!"#$

+(k(6)2 )!"#$%&µ'R
%&µ'R!"#$. (5)

The coe!cient fields (k(6)1 )!"#$%& and (k(6)2 )!"#$%&µ'
have dimensions of squared length, or squared inverse
mass in natural units. In the first term, the anticommuta-
tor of covariant derivatives su!ces for generality because
including the commutator would merely duplicate part

of the second term. The first four indices on (k(6)1 )!"#$%&
inherit the symmetries of the Riemann tensor, as do the

first and last four indices on (k(6)2 )!"#$%&µ' , while the
Bianchi identity implies the additional cyclic-sum con-

dition
!

(#$%) (k
(6)
1 )!"#$%& = 0. The number of inde-

pendent components in (k(6)1 )!"#$%& and (k(6)2 )!"#$%&µ'
is therefore 126 and 210, respectively. The coe!cients

(k(6)1 )!"#$%& could arise from Lorentz-violating deriva-
tive couplings of fields to gravity in the underlying the-
ory. Models of this type are straightforward to con-
struct, although we are unaware of examples in the liter-

ature. The coe!cients (k(6)2 )!"#$%&µ' represent general
quadratic Lorentz-violating curvature couplings, specific
forms of which occur in many models as a result of in-
tegrating over fields in the underlying action that have
Lorentz-violating couplings to gravity. Examples include
Chern-Simons gravity [18, 19], the cardinal model [20],
and various types of bumblebee models [3, 21, 22].
To extract the linearized modified Einstein equation re-

sulting from the terms (5), we assume an asymptotically
flat background metric "!" as usual, and write the back-

ground coe!cients as (k(6)1 )!"#$%& and (k(6)2 )!"#$%&µ' .
We remark that the procedure for linearization and elim-
ination of coe!cient fluctuations outlined above [11] in-

volves no fluctuations for (k(6)2 )!"#$%&µ' because these
contribute only at nonlinear order. After some calcula-
tion, we find the linearized modified Einstein equation
can be written in the form

Gµ' = 8!GN (TM )µ' " 2"s!"G!(µ')" " 1
2
"uGµ'

+a(k(6)1 )!(µ')"#$#
!#"R#$

+4(k(6)2 )!µ'"#$()#
!#"R#$() , (6)

where G!"#$ $ $!"%&$#$µ'R%&µ'/4 is the double dual
of the Riemann tensor and G!" $ G#

!#" is the Ein-
stein tensor. In Eq. (6), all gravitational tensors are
understood to be linearized in hµ' . Also, we have in-

troduced the scalar operator "u = "2u + (u(6)
1 )!"#!#"

and the tensor operator "s!" = 1
2s!" + (s(6)1 )!"#$###$,

where (u(6)
1 )#$ $ (k(6)1 )!"!"#$ is a double trace and

(s(6)1 )!"#$ $ (k(6)1 )!("(#$ " %!"(u
(6)
1 )#$/4 involves a sin-

gle trace. Note that the entire contribution from the
d = 4 Lorentz-violating term (3) is contained in "u and
"s!" , along with comparable pieces of the d = 6 deriva-
tive term. This structure may o"er some insight into the
t puzzle mentioned above. The parameter a in Eq. (6)
is a model-dependent real number that depends on the
dynamics specified by the Lagrange density Lk.
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The general setting for the SME treatment of spacetime-
symmetry breaking is Riemann-Cartan spacetime, which
includes torsion couplings. One begins with a coordinate
invariant set of scalars in the Lagrange density added to
general relativity and the matter sector of the standard
model. These extra terms break the spacetime symmetries
of local Lorentz symmetry, diffeomorphism symmetry,
and can also break CPT symmetry [2]. The origin of the
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symmetry breaking which may occur in an underlying
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relativity can be derived from a quadratic (in hμν) Lagrange
density. This takes the form
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1

2
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where Gμν is the linearized Einstein tensor, we have
included a conventional coupling to the matter stress-
energy tensor #TM$μν, and κ ! 8πGN .
In the context of quadratic actions and linearized field

equations, the most general Lorentz and CPT-breaking
action consistent with gauge symmetry (linearized diffeo-
morphism symmetry) is known [6,7,12]. The terms in this
expression are organized by the mass dimension of the
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units (or equivalently a length dimension of 4). Coupled to
these operators are the coefficients for Lorentz violation,
which are labeled by the appropriate mass dimension of the
operator. The mass dimension 4 term represents the lowest
order, or minimal, Lorentz-breaking term that can be
written in this series and it takes the form
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where Gμνκλ is the double dual of the linearized Riemann
curvature tensor and the 9 a priori independent coefficients
are contained in the symmetric traceless s̄μν. This term has
been extensively studied and independent measurements
now exist from a variety of tests, both terrestrial and space-
based [3]. The best solar-system limits on the dimension-
less s̄μν coefficients are at the level of 10!8–10!11 from
lunar laser ranging [14], while constraints inferred from
distant cosmic rays reach 10!13–10!14 on these coefficients
[15]. Note that while the s̄μν coefficients affect the
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gravitational wave events [16] yield poor sensitivity com-
pared to those obtained by other tests [6]. This result is in
contrast to the higher mass dimension coefficients in the
SME expansion.
While the minimal SME in the gravity sector has been

explored, higher mass dimension terms in the Lagrangian
have only begun to be explored. The next two terms in the
nonminimal SME expansion in the gravity sector can be
written in terms of a covariant action [7], or a quadratic
effective action [6]. For the latter form, the mass dimension
5 operator term appearing in the SME expansion can be
written as

L#5$ ! !
1

16κ
hμν#q#5$$μρανβσγ!βRρασγ; #4$

where the coefficients are #q#5$$μρανβσγ and have dimensions
of inverse mass or length, and Rρασγ is the linearized
Riemann curvature tensor. There is complete antisymmetry
in the first 3 indices and Riemann symmetry in the last four
indices. Using Young tableaux it can be established that
there are 60 independent coefficients. The Lagrangian (4)
breaks CPT symmetry for gravity, which is defined
operationally as resulting from the operator !βRρασγ having
an odd number of spacetime indices [2].
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interpreted perturbatively, as small corrections to the
dynamics of hμν from GR. This means that we do not
consider modes in the associated dispersion relation of
higher than the second power in momentum, which
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[17,18]. Note also that the condition on the partial
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k!"... with gravitational quantities including covariant
derivatives D! and curvature tensors R!"#$. Here, we
consider explicitly terms with 4 # d # 6, though much
of our discussion can be directly generalized to larger d.

The minimal term L(4)
LV with d = 4 is [3]

L(4)
LV = (k(4))!"#$R

!"#$. (3)

The dimensionless coe!cient field (k(4))!"#$ inherits the
symmetries of the Riemann tensor and can be decom-
posed into its traceless part t!"#$, its trace s!", and its
double trace u. Within the post-newtonian treatment
outlined above, the coe!cient u acts as an unobserv-
able rescaling of GN [16]. In pure gravity, the coe!cient
s!" can be removed via coordinate definitions [3], but
more generally it generates many phenomenological ef-
fects, and its 9 independent components have been con-
strained to varying degrees down to about 10!10 by nu-
merous analyses using data from lunar laser ranging [4],
atom interferometry [5, 6], short-range tests [7], satel-
lite ranging [8], precession of orbiting gyroscopes [9], pul-
sar timing [10], and perihelion and solar-spin precession
[8, 11]. The coe!cient t!"#$ is absent at leading orders
in the post-newtonian expansion, and to date its 10 in-
dependent components have no known physical implica-
tions for reasons that remain mysterious (the ‘t puzzle’).
For d = 5, the general expression using curvature and

covariant derivatives is

L(5)
LV = (k(5))!"#$%D

%R!"#$. (4)

In the linearized limit, or more generally under the oper-
ational definition of the CPT transformation [3], the ex-

pression D%R!"#$ is CPT odd. Any e"ects from L(5)
LV in

the nonrelativistic limit would therefore represent pseu-
dovector contributions to the associated Newton gravi-
tational force rather than conventional vector ones, and
hence they would lead to self accelerations of localized
bodies. Analogous issues are known for some CPT-odd
terms in other sectors [17]. Any stable models with terms

of the form L(5)
LV therefore cannot lead to e"ects on nonrel-

ativistic gravity, and so their phenomenology lies outside
our present scope.
Instead, we focus on Lorentz violation at d = 6, for

which we write L(6)
LV in the form

L(6)
LV = 1

2 (k
(6)
1 )!"#$%&{D%, D&}R!"#$

+(k(6)2 )!"#$%&µ'R
%&µ'R!"#$. (5)

The coe!cient fields (k(6)1 )!"#$%& and (k(6)2 )!"#$%&µ'
have dimensions of squared length, or squared inverse
mass in natural units. In the first term, the anticommuta-
tor of covariant derivatives su!ces for generality because
including the commutator would merely duplicate part

of the second term. The first four indices on (k(6)1 )!"#$%&
inherit the symmetries of the Riemann tensor, as do the

first and last four indices on (k(6)2 )!"#$%&µ' , while the
Bianchi identity implies the additional cyclic-sum con-

dition
!

(#$%) (k
(6)
1 )!"#$%& = 0. The number of inde-

pendent components in (k(6)1 )!"#$%& and (k(6)2 )!"#$%&µ'
is therefore 126 and 210, respectively. The coe!cients

(k(6)1 )!"#$%& could arise from Lorentz-violating deriva-
tive couplings of fields to gravity in the underlying the-
ory. Models of this type are straightforward to con-
struct, although we are unaware of examples in the liter-

ature. The coe!cients (k(6)2 )!"#$%&µ' represent general
quadratic Lorentz-violating curvature couplings, specific
forms of which occur in many models as a result of in-
tegrating over fields in the underlying action that have
Lorentz-violating couplings to gravity. Examples include
Chern-Simons gravity [18, 19], the cardinal model [20],
and various types of bumblebee models [3, 21, 22].
To extract the linearized modified Einstein equation re-

sulting from the terms (5), we assume an asymptotically
flat background metric "!" as usual, and write the back-

ground coe!cients as (k(6)1 )!"#$%& and (k(6)2 )!"#$%&µ' .
We remark that the procedure for linearization and elim-
ination of coe!cient fluctuations outlined above [11] in-

volves no fluctuations for (k(6)2 )!"#$%&µ' because these
contribute only at nonlinear order. After some calcula-
tion, we find the linearized modified Einstein equation
can be written in the form

Gµ' = 8!GN (TM )µ' " 2"s!"G!(µ')" " 1
2
"uGµ'

+a(k(6)1 )!(µ')"#$#
!#"R#$

+4(k(6)2 )!µ'"#$()#
!#"R#$() , (6)

where G!"#$ $ $!"%&$#$µ'R%&µ'/4 is the double dual
of the Riemann tensor and G!" $ G#

!#" is the Ein-
stein tensor. In Eq. (6), all gravitational tensors are
understood to be linearized in hµ' . Also, we have in-

troduced the scalar operator "u = "2u + (u(6)
1 )!"#!#"

and the tensor operator "s!" = 1
2s!" + (s(6)1 )!"#$###$,

where (u(6)
1 )#$ $ (k(6)1 )!"!"#$ is a double trace and

(s(6)1 )!"#$ $ (k(6)1 )!("(#$ " %!"(u
(6)
1 )#$/4 involves a sin-

gle trace. Note that the entire contribution from the
d = 4 Lorentz-violating term (3) is contained in "u and
"s!" , along with comparable pieces of the d = 6 deriva-
tive term. This structure may o"er some insight into the
t puzzle mentioned above. The parameter a in Eq. (6)
is a model-dependent real number that depends on the
dynamics specified by the Lagrange density Lk.



Pure-gravity sector of the SME 

(Bailey & Kostelecký PRD 06 & Bailey et al PRD 15, Kostelecký & Mewes PLB 16, Bailey and Havert PRD 17) 

•  Linearized field equations 

derivatives of the coefficients for Lorentz violation, e.g.,
!λs̄μν ! 0, is assumed to hold throughout the analysis in
this work in a suitable Cartesian coordinate system. This
point is discussed in more detail elsewhere [2,12].
Beyond mass dimension 5 are the coefficients for mass

dimension 6 operators. These produce effects in short-
range gravity tests which offer some of the best sensitivity
[19], as well producing effects in gravitational wave
propagation [6]. In this work our focus is on the mass
dimension 4 and 5 coefficients and we leave it as an open
question to determine the additional post-Newtonian
effects of the mass dimension 6 coefficients beyond the
Newtonian limit.
Various models that exist in the literature can be directly

matched to the Lagrange densities above. This includes
vector field models with a potential term driving sponta-
neous breaking of Lorentz and diffeomorphism symmetry
[20]. In particular, some vector models considered in the
literature include additional kinetic terms beyond the
Maxwell one [21]. With certain constraints on these models
they match the form of (3) once the dynamics of the vector
field have been imposed on the effective action [22].
Furthermore, models of spontaneous Lorentz-symmetry
breaking with anti-symmetric and symmetric tensors also
can match the form of (3) [23]. In fact, this is a general
feature of the SME, whereby specific models can be
matched to specific SME coefficients and the existing
limits can then be used to constrain them [24]. As further
examples, matches to the SME exist with noncommutative
geometry and quantum gravity [18,25].
In the gravity sector, the field equations in the linearized

limit, stemming from the combined Lagrange densities (2),
(3), and (4) can be derived by varying with respect to the
metric fluctuations hμν. The result is

Gμν ! κ"TM#μν $ s̄κλGμκνλ !
1

4
qρα"μν#βσγ!βRρασγ; "5#

which can then be used to solve for the post-Newtonian
metric. Note that we have abbreviated the dimensional
superscript "q5# ! q to simplify expressions.
The field equations (5) satisfy the conservation laws

associated with the linearized diffeomorphism symmetry
present in the Lagrange densities (2), (3), and (4). This
implies the vanishing divergence of the Lorentz and CPT
breaking terms on the right-hand side, which can be
checked directly. This is consistent with the linearized
Bianchi identities and the conservation of the matter stress-
energy tensor Tμν

M. Since the conservation laws hold, the
origin of the coefficients is then compatible with the case
of spontaneous breaking of Lorentz and diffeomorphism
symmetry [26]. In particular, the imposition of linearized
diffeomorphism symmetry limits the possible forms of
the Lagrange densities above. For example, consider the
construction of a mass dimension 4 term of the form (3)

with the coefficients t̄μνκλ, having the symmetries of the
Weyl tensor. This fails to produce a nonvanishing term that
is not a total derivative, when the constraint of linearized
diffeomorphism symmetry is imposed, as explained in
more detail in Refs. [6,12,27]. Nonetheless, a term of this
type may have consequences in cosmological scenarios
[28], which we do not explore in this work.

III. POST-NEWTONIAN EXPANSION

We adopt standard assumptions for weak-field slow
motion gravity to calculate the relevant post-Newtonian
metric. The perfect fluid stress-energy tensor is assumed for
matter, and the Newtonian potential U dominates as usual
in this approximation method. The field equations (5) are
solved by decomposition into the space and time compo-
nents and using successive corrections in powers of the
small velocity v, which is assumed much less than unity.
These standard methods have been applied to the SME
and the details are explained elsewhere [12,29]. Note also
that some of the terminology used here, like viewing
velocity and acceleration as spatial “vectors”, is only valid
in the post-Newtonian weak-field limit up to a certain
“order” in the expansion parameter v, and care is required
in calculating observables and connecting them to real
measurements.
In the results we record here we shall retain the

post-Newtonian metric corrections up to order v3 or
post-Newtonian order 3 [PNO"3#] to certain components
of the metric, and up to PNO"2# in other components.
We also include results for the CPT-even mass dimension
4 coefficients s̄μν for comparison to the CPT-odd mass
dimension 5 coefficients q. Our coordinate choice is
consistent with the harmonic gauge to the necessary
post-Newtonian order. To derive the metric, we make
use of the following “superpotentials” [10,30]:

χ ! !GN

Z
d3r0ρ0jr⃗ ! r⃗ 0j;

χj ! GN

Z
d3r0ρ0v0jjr⃗ ! r⃗ 0j; "6#

and we solve for the metric to leading order in the
coefficients. In a space and time decomposition, the
components of the metric are given by

g00 ! !1$ 2U"1$ 3s̄00# $ s̄jkUjk $ 4s̄0jVj $ Q̂jχj;

g0j ! s̄0k"Ujk $ δjkU# $ 1

2
Q̂jχ $ % % % ;

gjk ! δjk&1$ "2 ! s̄00#U $ s̄lmUlm' ! s̄ljUkl ! s̄lkUjl

$ 2s̄00Ujk $ Q̂jkχ; "7#

where Ujk ! !jkχ $ δjkU and Vj ! "1=2#!2χj. The
results are compactly displayed in terms of the derivative
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LV in the form

L(6)
LV = 1

2 (k
(6)
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quadratic Lorentz-violating curvature couplings, specific
forms of which occur in many models as a result of in-
tegrating over fields in the underlying action that have
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Chern-Simons gravity [18, 19], the cardinal model [20],
and various types of bumblebee models [3, 21, 22].
To extract the linearized modified Einstein equation re-

sulting from the terms (5), we assume an asymptotically
flat background metric "!" as usual, and write the back-

ground coe!cients as (k(6)1 )!"#$%& and (k(6)2 )!"#$%&µ' .
We remark that the procedure for linearization and elim-
ination of coe!cient fluctuations outlined above [11] in-

volves no fluctuations for (k(6)2 )!"#$%&µ' because these
contribute only at nonlinear order. After some calcula-
tion, we find the linearized modified Einstein equation
can be written in the form

Gµ' = 8!GN (TM )µ' " 2"s!"G!(µ')" " 1
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"uGµ'

+a(k(6)1 )!(µ')"#$#
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where G!"#$ $ $!"%&$#$µ'R%&µ'/4 is the double dual
of the Riemann tensor and G!" $ G#

!#" is the Ein-
stein tensor. In Eq. (6), all gravitational tensors are
understood to be linearized in hµ' . Also, we have in-

troduced the scalar operator "u = "2u + (u(6)
1 )!"#!#"

and the tensor operator "s!" = 1
2s!" + (s(6)1 )!"#$###$,

where (u(6)
1 )#$ $ (k(6)1 )!"!"#$ is a double trace and

(s(6)1 )!"#$ $ (k(6)1 )!("(#$ " %!"(u
(6)
1 )#$/4 involves a sin-

gle trace. Note that the entire contribution from the
d = 4 Lorentz-violating term (3) is contained in "u and
"s!" , along with comparable pieces of the d = 6 deriva-
tive term. This structure may o"er some insight into the
t puzzle mentioned above. The parameter a in Eq. (6)
is a model-dependent real number that depends on the
dynamics specified by the Lagrange density Lk.

•  Key properties 
–  Diffeomorphism covariant ( actually invariant ! ) 
–  Conservation law obeyed 
–  Main uses: 

•  post-Newtonian metric 
•  gravitational wave propagation 
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Solutions: post-Newtonian metric 

(C Will, Theory and Experiment in Gravitational Physics, 1993, E Poisson & C Will, Gravity) 

•  What is the post-Newtonian metric? 

•  In General Relativity... 

•  Newtonian limit of GR (Newton’s constant GN=1) 
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numerical coefficients that appear in the metric. When the coordinate
system is appropriately specialized (standard gauge), and arbitrary param-
eters used in place of the numerical coefficients, the result, described in
Section 4.2, is known as the Parametrized post-Newtonian (PPN) for-
malism, and the parameters are called PPN parameters. In Section 4.3,
we discuss the effect of Lorentz transformations on the PPN coordinate
system, and show that some theories of gravity may predict gravitational
effects that depend on the velocity of the gravitating system relative to the
rest frame of the universe (perferred-frame effects). In Section 4.4, we
analyze the existence of post-Newtonian integral conservation laws for
energy, momentum, angular momentum, and center-of-mass motion
within the PPN formalism and show that metric theories possess such
laws only if their PPN parameters obey certain constraints.

This formalism then provides the framework for a discussion of specific
alternative metric theories of gravity (Chapter 5) and for the analysis of
solar system tests of relativistic gravitational effects (Chapters 7-9). Most
of this chapter is an updated version of Chapter 4 of TTEG (Will, 1974a).

4.1 The Post-Newtonian Limit
(a) Newtonian gravitation theory and the Newtonian limit
In the solar system, gravitation is weak enough for Newton's

theory of gravity to adequately explain all but the most minute effects. To
an accuracy of about one part in 105, light rays travel on straight lines at
constant speed, and test bodies move according to

a = \U (4.1)

where a is the body's acceleration, and U is the Newtonian gravitational
potential produced by rest-mass density p according to1

= -4np, U(x, t) = [-~Ar d2x' (4.2)
|x — x |

A perfect, nonviscous fluid obeys the usual Eulerian equations of hydro-
dynamics

dp/dt + V • (pv) = 0,
pdv/dt^ pVU - Vp,

d/dt = d/dt + v • V (4.3)

1 We use "geometrized" units in which the speed of light is unity and in which
the gravitational constant as measured far from the solar system is unity.
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where v is the velocity of an element of the fluid, p is the rest-mass density
of matter in the element, p is the total pressure (matter plus radiation) on
the element, and d/dt is the time derivative following the fluid.

From the standpoint of a metric theory of gravity, Newtonian physics
may be viewed as a first-order approximation. Consider a test body mo-
mentarily at rest in a static external gravitational field. From the geodesic
Equation (3.38), the body's acceleration a* = d2xk/dt2 in a static (t,x) co-
ordinate system is given by

«*=-n<> = ie*W, (4-4)
Far from the Newtonian system, we know that in an appropriately chosen
coordinate system, the metric must reduce to the Minkowski metric (see
subsection (c))

ff,,,-»if,, = diag(-1,1,1,1) (4.5)

In the presence of a very weak gravitational field, Equation (4.4) can yield
Newtonian gravitation, Equation (4.1) only if

gfi-S*, goo^-l+2U (4.6)

It can be straightforwardly shown that with this approximation and a
stress-energy tensor for perfect fluids given by

T00 = p, TOj = pvJ, TJk = pvV + p5Jk (4.7)

the Eulerian equations of motion, (4.3), are equivalent to

T?; ~ r?; + rgoT00 = o (4.8)

where we retain only terms of lowest order in v2 ~ U ~ p/p.
But the Newtonian limit no longer suffices when we begin to demand

accuracies greater than a part in 105. For example, it cannot account
for Mercury's additional perihelion shift o f~5 x 10 ~7 radians per orbit.
Thus we need a more accurate approximation to the spacetime metric
that goes beyond or "post" Newtonian theory, hence the name post-
Newtonian limit.

(b) Post-Newtonian bookkeeping
The key features of the post-Newtonian limit can be better

understood if we first develop a "bookkeeping" system for keeping track
of "small quantities." In the solar system, the Newtonian gravitational
potential U is nowhere larger than 10"5 (in geometrized units, U is
dimensionless). Planetary velocities are related to U by virial relations
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Solutions: post-Newtonian metric 
•  What is the post-Newtonian metric? 
•  Perfect Fluid: 

–  Use pressure p, mass density ρ, internal energy Π, ... 

 
•  Successive approximation in O(1)=v/c: 
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which yield

v2 Z U (4.9)
The matter making up the Sun and planets is under pressure p, but this
pressure is generally smaller than the matter's gravitational energy density
pU; in other words

P/P £ U, (4.10)
{p/p is ~10~5 in the Sun, ~10~1 0 in the Earth). Other forms of energy
in the solar system (compressional energy, radiation, thermal energy,
etc.) are small: the specific energy density II (ratio of energy density to
rest-mass density) is related to U by

nzu (4.ii)
(II is ~ 10"5 in the Sun, ~ 10~9 in the Earth). These four small quantities
are assigned a bookkeeping label that denotes their "order of small-
ness":

U ~ v2 ~ p/p ~ n ~ O(2). (4.12)

Then single powers of velocity i; are O(l), U2 is O(4), Uv is O(3), UH
is O(4), and so on. Also, since the time evolution of the solar system is
governed by the motions of its constituents, we have

d/dt ~ v • V
and thus,

\s/et\
\d/e> O(l) (4.13)

We can now analyze the "post-Newtonian" metric using this book-
keeping system. The action, Equation (3.20), from which one can derive
the geodesic Equation (3.38) for a single neutral particle, may be re-
written

-i - Cf dx»dx*yi2

- ' o - -m0 Jl ~a^~Jf~^fJ dt

(- 000 - 2gop' - gjkvV)112 dt (4.14)

The integrand in Equation (4.14) may thus be viewed as a Lagrangian L
for a single particle in a metric gravitational field. From Equation (4.6),
we see that the Newtonian limit corresponds to

L = (1 - 2(7 - v2)112 (4.15)
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(II is ~ 10"5 in the Sun, ~ 10~9 in the Earth). These four small quantities
are assigned a bookkeeping label that denotes their "order of small-
ness":

U ~ v2 ~ p/p ~ n ~ O(2). (4.12)

Then single powers of velocity i; are O(l), U2 is O(4), Uv is O(3), UH
is O(4), and so on. Also, since the time evolution of the solar system is
governed by the motions of its constituents, we have

d/dt ~ v • V
and thus,

\s/et\
\d/e> O(l) (4.13)

We can now analyze the "post-Newtonian" metric using this book-
keeping system. The action, Equation (3.20), from which one can derive
the geodesic Equation (3.38) for a single neutral particle, may be re-
written

-i - Cf dx»dx*yi2

- ' o - -m0 Jl ~a^~Jf~^fJ dt

(- 000 - 2gop' - gjkvV)112 dt (4.14)

The integrand in Equation (4.14) may thus be viewed as a Lagrangian L
for a single particle in a metric gravitational field. From Equation (4.6),
we see that the Newtonian limit corresponds to

L = (1 - 2(7 - v2)112 (4.15)

will survive in the limit R ! ! are quadratic in hμν,
coming from wave solutions that fall off as 1=R.
We shall restrict attention to results at leading order in the

coefficients k̄!8", which has the advantage that for the third
Lorentz-violating term in Eq. (9), we can substitute GR
results. In particular, we use the result that the wave
solutions for hμν have a dependence on the retarded time
tR # t " R with the wave vector kμ # !1; nj". Here nj is an
outward-pointing normal from the origin taken as the
gravitational system’s center of mass-energy. We then find
that to leading order in the coefficients k̄!8",

dPμ

dt
# "

Z

S
d2x nj

!
τjμ $ 24

κ
!k̄!8""αjμβlγδmnϵζp

! kαkβkγkδkϵkζ
d2

dt2R
!ḧlmḧnp"

"
; !10"

where a dot indicates a derivative with respect to tR.
We next examine the contributions of the two terms in

Eq. (10) in turn. Contributions to hμν itself in the wave zone
include the standard quadrupole terms in GR, higher-order
terms in a post-Newtonian series, and possible contribu-
tions from the k̄!8" terms in Eq. (6). These latter terms,
however, can be expected to contribute only at second order
in ϵ when considering an expansion around a flat back-
ground gμν # ημν $ ϵhμν. It would be of interest to calculate
such terms to determine their possible effects on gravita-
tional waves but this lies beyond the scope of the present
work. It suffices here to note that when inserted into
Eq. (10) in the first term involving τjμ, these O!ϵ2"
corrections to hμν will yield modifications only at third
order in ϵ in the first term of Eq. (10) since τjμ is already at
O!ϵ2". Thus if one neglects any contributions to hμν in the
wave zone from the k̄!8" coefficients, the first term in
Eq. (10) yields the standard result for energy and momen-
tum loss from gravitational waves in GR. For example, for
the energy loss one obtains the well-known quadrupole
result dP0=dt # !GN=5" I

…jk I
…jk where Ijk is the (traceless)

mass quadrupole tensor.
The second term in Eq. (10) is the leading Lorentz-

violating correction to the energy-momentum loss for an
isolated gravitational system. At leading order in Lorentz
violation we insert the standard quadrupole formula for
the metric fluctuations hjk # 2GN ̈Ijk=R into this term.
Focusing on a binary system, and using the leading
expression for Ijk for a slow-motion system, we obtain
an explicit function of tR for this term that is periodic.
Furthermore, in this limit the tR-derivative term does not
depend on angles so the angular integral only applies to
the projection of the k̄!8" coefficients along kμ and yields a
linear combination of these coefficients. Upon time
averaging the second term in Eq. (10) over one orbit,
however, we obtain zero for this extra contribution to the

energy-momentum flow. We can trace this result to the fact
that a total tR derivative appears in the expression; when
averaged over tR we end up evaluating a periodic function at
the beginning and end of one cycle, thereby obtaining zero.
Therefore, to quadratic order in hμν, we can say that the k̄!8"

coefficients do not produce any leading-order effects for the
energy-momentum loss for gravitational waves.

IV. POST-NEWTONIAN LIMIT

An alternative to exploring gravitational waves is to
consider the “near-zone” post-Newtonian effects on a
gravitational system. As usual, this involves an expansion
in powers of the average speed v̄ of the typical body in the
system with the Newtonian potential U # v2 dominating
over small relativistic corrections. We employ a perfect
fluid model to describe the bodies in the system, assuming
the usual perfect fluid energy-momentum tensor for
!TM"μν. Using this model, we solve the modified field
equations to obtain the post-Newtonian metric and ulti-
mately the dynamical equations for a two-body system.

A. Metric

In terms of mass density ρ, internal energy !, pressure p,
and four-velocity field uμ, the matter energy-momentum
tensor is

!TM"μν # !ρ$ ρ!$ p"uμuν $ pgμν: !11"

The Newtonian potential U, contained in h00=2 satisfies
Poisson’s equation

" ~!2U # 4πGNρ: !12"

Assuming the matter is localized, the standard solution is

U!r; t" # GN

Z
d3r0

ρ!r0; t"
jr " r0j

: !13"

The full post-Newtonian metric from Eq. (6) turns out to
be that of general relativity except for one additional term in
the O!v4" piece of the metric components h00, which we
denote δh00. The equation for this extra term can be
obtained from the post-Newtonian expansion of the field
equations (6). Focusing on solving for this piece, the
relevant equation is that involving the R00 component of
the Ricci tensor, which is given to O!v4" by

R00 # κ!SM"00 $ 3!k̄!8""j00kAB"j"k!RARB"

$ 3!k̄!8""jllkAB"j"k!RARB"; !14"

where the curvature components in the k̄!8" term surviving
at this post-Newtonian order include R0j0k and Rjklm. The
term !SM"μν is the trace-reversed energy-momentum tensor
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which yield

v2 Z U (4.9)
The matter making up the Sun and planets is under pressure p, but this
pressure is generally smaller than the matter's gravitational energy density
pU; in other words

P/P £ U, (4.10)
{p/p is ~10~5 in the Sun, ~10~1 0 in the Earth). Other forms of energy
in the solar system (compressional energy, radiation, thermal energy,
etc.) are small: the specific energy density II (ratio of energy density to
rest-mass density) is related to U by

nzu (4.ii)
(II is ~ 10"5 in the Sun, ~ 10~9 in the Earth). These four small quantities
are assigned a bookkeeping label that denotes their "order of small-
ness":

U ~ v2 ~ p/p ~ n ~ O(2). (4.12)

Then single powers of velocity i; are O(l), U2 is O(4), Uv is O(3), UH
is O(4), and so on. Also, since the time evolution of the solar system is
governed by the motions of its constituents, we have

d/dt ~ v • V
and thus,

\s/et\
\d/e> O(l) (4.13)

We can now analyze the "post-Newtonian" metric using this book-
keeping system. The action, Equation (3.20), from which one can derive
the geodesic Equation (3.38) for a single neutral particle, may be re-
written

-i - Cf dx»dx*yi2

- ' o - -m0 Jl ~a^~Jf~^fJ dt

(- 000 - 2gop' - gjkvV)112 dt (4.14)

The integrand in Equation (4.14) may thus be viewed as a Lagrangian L
for a single particle in a metric gravitational field. From Equation (4.6),
we see that the Newtonian limit corresponds to

L = (1 - 2(7 - v2)112 (4.15)

•  Point-particle action justifies expansion: 



Solutions: post-Newtonian metric 

for matter. The matter terms in !SM"00 along with other
terms in R00 contribute to the conventional GR post-
Newtonian metric.
To solve for the desired term !h00 we shall adopt a

standard perturbative assumption and work to leading order
in the coefficients for Lorentz violation. We make the
following coordinate choice on some of the components of
the metric:

!jgjk #
1

2
!k!gjj ! g00";

!jg0j #
1

2
!0gjj; !15"

which matches earlier conventions [20]. It will be
useful here to introduce a common shorthand for partial
derivatives where !jkl… # !j!k!l…. The relevant equation
becomes

!
1

2
~"2
!h00 # 48!k̄!8"eff "jklmnp!jk!!lmU!npU": !16"

In this equation, !k̄!8"eff "jklmnp are effective coefficients for
Lorentz violation, given in terms of the underlying coef-
ficients in the Lagrangian by the expression

!k̄!8"eff "jklmnp # !k̄!8""0jk00lm00np0 $ !k̄!8""0jk0qlmq0np0

$ !k̄!8""0jk00np0qlmq $ !k̄!8""qjkq0lm00np0

$ !k̄!8""0jk0qlmqrnpr $ !k̄!8""qjkq0lm0rnpr

$ !k̄!8""qjkqrlmr0np0 $ !k̄!8""qjkqrlmrsnps:

!17"

These effective coefficients !k̄eff"jklmnp have symmetry in
each of the pairs of indices jk, lm, and np. Also, there is
pairwise symmetry under the interchanges jk ! lm,
jk ! np, and lm ! np, bringing the number of indepen-
dent coefficient combinations in k̄!8" to 56.
We assume that the right-hand side of Eq. (16) represents

a small correction to GR. Using dimensional analysis this
implies roughly that k̄ < L4, where L is the typical length
scale of the gravitational system, to be consistent with the
perturbative assumption. Proceeding, the Poisson-like
equation (16) has the standard integral solution

! # 48!k̄!8"eff "jklmnp

Z
d3r0

! 0
jk%! 0

lmU!r0"! 0
npU!r0"&

4"jr ! r0j
; !18"

where ! # !h00=2. From dimensional analysis, the result
of this integral could contain terms that vary with the
inverse sixth power of the distance. However, we shall
show there are scenarios where the nonlinear nature of this
potential yields terms that actually vary as the inverse cubic
power of the distance, among other terms.

The integral in Eq. (18) is taken over all space. For a
localized gravitational system, one can show convergence
of the integral for large values of r0 using the asymptotic
behavior of the Newtonian potential. For small values of r0,
careful consideration is needed. The standard use of delta
functions to describe the distribution of matter for point
masses fails to give a convergent result for Eq. (18) and is
therefore avoided in this treatment. Such subtleties arise
even in the treatment of general-relativistic terms at first
post-Newtonian order, due to the nonlinear nature of
gravity [43,44]. We will assume a sufficiently well-behaved
mass density function #!r0". For example, to be integrable
in the Newtonian potential U [Eq. (13)], # must be at
least a piecewise continuous function.
For calculations to follow, we develop the integral in

Eq. (18) further. One convenient way to solve the integral in
Eq. (18) is first to express the Newtonian potentials in the
integrand in terms of the mass density using Eq. (13).
Equation (18) then involves three volume integrals. To
proceed further we make use of a “triangle function” which
is a three-point function G!r; y1; y2" defined by

G!r; y1; y2" #
1

4"

Z
d3r0

1

jr ! r0jjr0 ! y1jjr0 ! y2j
: !19"

The solution to this integral with the appropriate boundary
conditions is known and we use the result

G!r; y1; y2" # 1 ! ln!r1 $ r2 $ r12"; !20"

where r1 # jr ! y1j, r2 # jr ! y2j, and r12 # jy1 ! y2j
[44,45]. Using this function, the integral (18) can be
written as

! # 48!k̄!8"eff "jklmnp

Z
d3y1

Z
d3y2#!y1; t"#!y2; t"

! !jkl1m1n2p2
G!r; y1; y2": !21"

The calculation of the remaining GR terms in the
post-Newtonian metric proceeds as usual from the field
equation (6) using the coordinate choice (15). The complete
metric to first post-Newtonian order includes terms up to
O!v4" in g00, O!v3" in g0j and O!v2" in gjk. It is given by

g00 # !1$ 2U $ 2$ ! 2U2 $ 2!;

g0j # !
1

2
!7Vj $Wj";

gjk # !jk!1$ 2U"; !22"

where Vj, Wj, and $ are given by
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•  What is the post-Newtonian metric for GR? 

Vj ! GN

Z
d3r0

ρ0

jr ! r0j
;

Wj ! GN

Z
d3r0

ρ0"r ! r0#jv0k"r ! r0#k

jr ! r0j3
;

ϕ ! GN

Z
d3r0

$ρ0"2v02 % 2U0 % !0# % 3p0&
jr ! r0j

; "23#

and a prime denotes a dependence on the integration
variables r0j. We see that for this subset of the SME in
the Lagrangian (3), the only contribution to the post-
Newtonian metric is to g00 at O"v4# comprised of the !
potential.

B. Binary system dynamics

Our goal is to find the equations of motion for a
two-body system comprised of gravitationally bound, or
otherwise, distinct bodies. To do this we shall employ a
standard method of modeling the bodies using the perfect
fluid description, and ultimately integrating the accelera-
tion density over a given body to find the equation of
motion for its, suitably defined, center of mass. We use a
special fluid density ρ' ! ρ

!!!!!!!gp
u0 that satisfies the con-

tinuity equation !0ρ' % !j"ρ'vj# ! 0 and define the mass
of a body a and its center of mass as

ma !
Z

a
d3rρ'"t; r#;

ra !
1

ma

Z

a
d3rρ'"t; r#r: "24#

Subsequent time derivatives of ra yield the velocity va and
acceleration aa of the center of mass.
The starting point for the integration of the fluid

equations over the body a is the acceleration given by

aa !
1

ma

Z

a
d3rρ'"t; r# dv

dt
: "25#

Into this equation, we insert an expression for ρ'dv=dt from
the perfect fluid equations of motion Dμ"TM#μν ! 0. In
particular, the spatial components ν ! j of these equations
yield the acceleration density

ρ'
dv
dt

! ρ'!U ! !p ! AGR % ρ'!!: "26#

On the right-hand side, the first two terms are the
Newtonian contributions to the acceleration density, while
the third term contains the contributions from the GR post-
Newtonian terms. The latter expression can be found in
equation 44 of Ref. [20] or in standard references [42,46].
Of primary interest is the last term involving the gradient

of !, which contains the contributions from the k̄"8#eff
coefficients to the fluid motion.
Equation (26) is inserted into Eq. (25) to find the

acceleration of the body a. The details of this calculation
for the Newtonian and GR terms can be found elsewhere
[44]. The correction to the acceleration of a body a coming
from the ! term is given by the integral

δaa !
Z

a
d3rρ!!; "27#

where! is inserted from Eq. (21). To evaluate this we insert
the mass density functions for each body a, b, c, etc. into
the integrals, as ρ ! ρa % ρb % ρc…. Note that these
densities are localized in the neighborhood of each body
and hence affect the domains for the volume integrals. This
procedure breaks up the three integrals over the variables r,
y1, y2 into regions over different bodies (abb, aab, abc,
etc.). In particular, there will be an integral in which the
three volume integrals are all over body a. This we identify
as the “self-acceleration” term; it vanishes by the sym-
metries of the integral, which offers a consistency check
with the energy-momentum conservation law discussion in
Sec. II. For the remaining terms, due to the seven partial
derivatives appearing, a complete solution even for the
case of widely separated bodies with negligible multipole
moments, and neglecting tidal forces, is lengthy, although
straightforward to compute using known methods. We can
classify the terms that appear for a two-body system by
their dependence on the inverse power of the relative
distance between the two bodies a and b, r ! ra ! rb,
where ra and rb are the center of mass positions.
We focus on a two-body system and seek terms in

Eq. (27) with the least inverse powers of r. It turns out that a
tractable expression for the two-body acceleration with r!4

and r!6 dependences appears and contains a novel depend-
ence on the structure of the bodies. To obtain results along
these lines, an efficient way to deal with the three-point
functionG that is appropriate for widely separated bodies is
needed. For example, when the variables r and y1 lie in one
body, and y2 lies in a different body, we can expand the
logarithm in powers of r1=r2, to obtain

G"r; y1; y2# ! 1 ! ln 2 ! ln r2 !
r1
2

"
1

r2
% r2n̂

j
1!j

1

r2

#

% r21
4

"
n̂j1!j

1

r2
% r2

2
n̂j1n̂

k
1!jk

1

r2

#
% ( ( ( ;

"28#

where the unit vector n1 points in the direction of r1. More
details about this type of expansion can be found in
Ref. [45], where it was used for some terms in higher
post-Newtonian GR.
For this calculation, we assume perfectly spherical

bodies and ignore multipole moments and tidal terms over
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Solutions: post-Newtonian metric 

•  What is the post-Newtonian metric for SME gravity sector? 

derivatives of the coefficients for Lorentz violation, e.g.,
!λs̄μν ! 0, is assumed to hold throughout the analysis in
this work in a suitable Cartesian coordinate system. This
point is discussed in more detail elsewhere [2,12].
Beyond mass dimension 5 are the coefficients for mass

dimension 6 operators. These produce effects in short-
range gravity tests which offer some of the best sensitivity
[19], as well producing effects in gravitational wave
propagation [6]. In this work our focus is on the mass
dimension 4 and 5 coefficients and we leave it as an open
question to determine the additional post-Newtonian
effects of the mass dimension 6 coefficients beyond the
Newtonian limit.
Various models that exist in the literature can be directly

matched to the Lagrange densities above. This includes
vector field models with a potential term driving sponta-
neous breaking of Lorentz and diffeomorphism symmetry
[20]. In particular, some vector models considered in the
literature include additional kinetic terms beyond the
Maxwell one [21]. With certain constraints on these models
they match the form of (3) once the dynamics of the vector
field have been imposed on the effective action [22].
Furthermore, models of spontaneous Lorentz-symmetry
breaking with anti-symmetric and symmetric tensors also
can match the form of (3) [23]. In fact, this is a general
feature of the SME, whereby specific models can be
matched to specific SME coefficients and the existing
limits can then be used to constrain them [24]. As further
examples, matches to the SME exist with noncommutative
geometry and quantum gravity [18,25].
In the gravity sector, the field equations in the linearized

limit, stemming from the combined Lagrange densities (2),
(3), and (4) can be derived by varying with respect to the
metric fluctuations hμν. The result is

Gμν ! κ"TM#μν $ s̄κλGμκνλ !
1

4
qρα"μν#βσγ!βRρασγ; "5#

which can then be used to solve for the post-Newtonian
metric. Note that we have abbreviated the dimensional
superscript "q5# ! q to simplify expressions.
The field equations (5) satisfy the conservation laws

associated with the linearized diffeomorphism symmetry
present in the Lagrange densities (2), (3), and (4). This
implies the vanishing divergence of the Lorentz and CPT
breaking terms on the right-hand side, which can be
checked directly. This is consistent with the linearized
Bianchi identities and the conservation of the matter stress-
energy tensor Tμν

M. Since the conservation laws hold, the
origin of the coefficients is then compatible with the case
of spontaneous breaking of Lorentz and diffeomorphism
symmetry [26]. In particular, the imposition of linearized
diffeomorphism symmetry limits the possible forms of
the Lagrange densities above. For example, consider the
construction of a mass dimension 4 term of the form (3)

with the coefficients t̄μνκλ, having the symmetries of the
Weyl tensor. This fails to produce a nonvanishing term that
is not a total derivative, when the constraint of linearized
diffeomorphism symmetry is imposed, as explained in
more detail in Refs. [6,12,27]. Nonetheless, a term of this
type may have consequences in cosmological scenarios
[28], which we do not explore in this work.

III. POST-NEWTONIAN EXPANSION

We adopt standard assumptions for weak-field slow
motion gravity to calculate the relevant post-Newtonian
metric. The perfect fluid stress-energy tensor is assumed for
matter, and the Newtonian potential U dominates as usual
in this approximation method. The field equations (5) are
solved by decomposition into the space and time compo-
nents and using successive corrections in powers of the
small velocity v, which is assumed much less than unity.
These standard methods have been applied to the SME
and the details are explained elsewhere [12,29]. Note also
that some of the terminology used here, like viewing
velocity and acceleration as spatial “vectors”, is only valid
in the post-Newtonian weak-field limit up to a certain
“order” in the expansion parameter v, and care is required
in calculating observables and connecting them to real
measurements.
In the results we record here we shall retain the

post-Newtonian metric corrections up to order v3 or
post-Newtonian order 3 [PNO"3#] to certain components
of the metric, and up to PNO"2# in other components.
We also include results for the CPT-even mass dimension
4 coefficients s̄μν for comparison to the CPT-odd mass
dimension 5 coefficients q. Our coordinate choice is
consistent with the harmonic gauge to the necessary
post-Newtonian order. To derive the metric, we make
use of the following “superpotentials” [10,30]:

χ ! !GN

Z
d3r0ρ0jr⃗ ! r⃗ 0j;

χj ! GN

Z
d3r0ρ0v0jjr⃗ ! r⃗ 0j; "6#

and we solve for the metric to leading order in the
coefficients. In a space and time decomposition, the
components of the metric are given by

g00 ! !1$ 2U"1$ 3s̄00# $ s̄jkUjk $ 4s̄0jVj $ Q̂jχj;

g0j ! s̄0k"Ujk $ δjkU# $ 1

2
Q̂jχ $ % % % ;

gjk ! δjk&1$ "2 ! s̄00#U $ s̄lmUlm' ! s̄ljUkl ! s̄lkUjl

$ 2s̄00Ujk $ Q̂jkχ; "7#

where Ujk ! !jkχ $ δjkU and Vj ! "1=2#!2χj. The
results are compactly displayed in terms of the derivative
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derivatives of the coefficients for Lorentz violation, e.g.,
!λs̄μν ! 0, is assumed to hold throughout the analysis in
this work in a suitable Cartesian coordinate system. This
point is discussed in more detail elsewhere [2,12].
Beyond mass dimension 5 are the coefficients for mass

dimension 6 operators. These produce effects in short-
range gravity tests which offer some of the best sensitivity
[19], as well producing effects in gravitational wave
propagation [6]. In this work our focus is on the mass
dimension 4 and 5 coefficients and we leave it as an open
question to determine the additional post-Newtonian
effects of the mass dimension 6 coefficients beyond the
Newtonian limit.
Various models that exist in the literature can be directly

matched to the Lagrange densities above. This includes
vector field models with a potential term driving sponta-
neous breaking of Lorentz and diffeomorphism symmetry
[20]. In particular, some vector models considered in the
literature include additional kinetic terms beyond the
Maxwell one [21]. With certain constraints on these models
they match the form of (3) once the dynamics of the vector
field have been imposed on the effective action [22].
Furthermore, models of spontaneous Lorentz-symmetry
breaking with anti-symmetric and symmetric tensors also
can match the form of (3) [23]. In fact, this is a general
feature of the SME, whereby specific models can be
matched to specific SME coefficients and the existing
limits can then be used to constrain them [24]. As further
examples, matches to the SME exist with noncommutative
geometry and quantum gravity [18,25].
In the gravity sector, the field equations in the linearized

limit, stemming from the combined Lagrange densities (2),
(3), and (4) can be derived by varying with respect to the
metric fluctuations hμν. The result is

Gμν ! κ"TM#μν $ s̄κλGμκνλ !
1

4
qρα"μν#βσγ!βRρασγ; "5#

which can then be used to solve for the post-Newtonian
metric. Note that we have abbreviated the dimensional
superscript "q5# ! q to simplify expressions.
The field equations (5) satisfy the conservation laws

associated with the linearized diffeomorphism symmetry
present in the Lagrange densities (2), (3), and (4). This
implies the vanishing divergence of the Lorentz and CPT
breaking terms on the right-hand side, which can be
checked directly. This is consistent with the linearized
Bianchi identities and the conservation of the matter stress-
energy tensor Tμν

M. Since the conservation laws hold, the
origin of the coefficients is then compatible with the case
of spontaneous breaking of Lorentz and diffeomorphism
symmetry [26]. In particular, the imposition of linearized
diffeomorphism symmetry limits the possible forms of
the Lagrange densities above. For example, consider the
construction of a mass dimension 4 term of the form (3)

with the coefficients t̄μνκλ, having the symmetries of the
Weyl tensor. This fails to produce a nonvanishing term that
is not a total derivative, when the constraint of linearized
diffeomorphism symmetry is imposed, as explained in
more detail in Refs. [6,12,27]. Nonetheless, a term of this
type may have consequences in cosmological scenarios
[28], which we do not explore in this work.

III. POST-NEWTONIAN EXPANSION

We adopt standard assumptions for weak-field slow
motion gravity to calculate the relevant post-Newtonian
metric. The perfect fluid stress-energy tensor is assumed for
matter, and the Newtonian potential U dominates as usual
in this approximation method. The field equations (5) are
solved by decomposition into the space and time compo-
nents and using successive corrections in powers of the
small velocity v, which is assumed much less than unity.
These standard methods have been applied to the SME
and the details are explained elsewhere [12,29]. Note also
that some of the terminology used here, like viewing
velocity and acceleration as spatial “vectors”, is only valid
in the post-Newtonian weak-field limit up to a certain
“order” in the expansion parameter v, and care is required
in calculating observables and connecting them to real
measurements.
In the results we record here we shall retain the

post-Newtonian metric corrections up to order v3 or
post-Newtonian order 3 [PNO"3#] to certain components
of the metric, and up to PNO"2# in other components.
We also include results for the CPT-even mass dimension
4 coefficients s̄μν for comparison to the CPT-odd mass
dimension 5 coefficients q. Our coordinate choice is
consistent with the harmonic gauge to the necessary
post-Newtonian order. To derive the metric, we make
use of the following “superpotentials” [10,30]:

χ ! !GN

Z
d3r0ρ0jr⃗ ! r⃗ 0j;

χj ! GN

Z
d3r0ρ0v0jjr⃗ ! r⃗ 0j; "6#

and we solve for the metric to leading order in the
coefficients. In a space and time decomposition, the
components of the metric are given by

g00 ! !1$ 2U"1$ 3s̄00# $ s̄jkUjk $ 4s̄0jVj $ Q̂jχj;

g0j ! s̄0k"Ujk $ δjkU# $ 1

2
Q̂jχ $ % % % ;

gjk ! δjk&1$ "2 ! s̄00#U $ s̄lmUlm' ! s̄ljUkl ! s̄lkUjl

$ 2s̄00Ujk $ Q̂jkχ; "7#

where Ujk ! !jkχ $ δjkU and Vj ! "1=2#!2χj. The
results are compactly displayed in terms of the derivative
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operators Q̂j and Q̂jk. These are given in terms of the
underlying coefficients q by

Q̂j ! "q0jk0l0m # qn0knljm # qnjknl0m$!klm;

Q̂jk ! "q0l%jk&m0n # qpl%jk&mpn # δjkq0pl0mpn$!lmn: %8&

The ellipses in g0j stand for PNO%3& terms that are omitted
for space since they are not needed for the analysis in
this work.
The partially symmetrized combinations of coefficients

in (8) occur frequently in what follows so we define
effective coefficients combinations Kjklm and ~Kjklmn as
follows:

Kjklm ! !
1

6
%q0jk0l0m # qn0knljm # qnjknl0m # perms&;

~Kjklmn !
1

6
%q0l%jk&m0n # qpl%jk&mpn # δjkq0pl0mpn # perms&;

%9&

where perms indicates all symmetric permutations in the
last three indices klm and lmn, respectively, and we have
lowered the indices with the Minkowski metric ημν. Certain
properties of these coefficient combinations also hold
which are useful to simplify calculations. For example,
for any spatial vectors a⃗, b⃗, and c⃗ the following identities
hold:

Kjklmajakalam ! 0;

Kjklmajakblbm ! !Kjklmbjbkalam;

Kjklmbjakblbm ! !
1

3
Kjklmajbkblbm: %10&

While the post-Newtonian metric contains all nine
coefficients in s̄μν, only a subset of the 60 a priori
independent coefficients qραμνβσγ appear. This implies that
via post-Newtonian tests, not all of the mass dimension 5
coefficients can be probed. Similar results hold for Lorentz-
violating effects on gravitational wave propagation, where
a subset of 16 of these coefficients appear at leading order
[6]. The coefficients appearing in (9) are combinations of
the space and time decomposed irreducible pieces of the
qραμνβσγ coefficients. The combinations Kjklm include the
15 dimensional piece q0jk0l0m, the 10 dimensional piece
q0jklmnp, and the 8 dimensional piece qjklmn0p. However,
due to the symmetry properties of Kjklm and (10), there are
only 15 independent combinations of these irreducible
pieces appearing. Furthermore, only a subset of those will
actually appear for a given experiment or observational
analysis. Similar considerations hold for the ~Kjklmn
combinations.
The equations of motion for self-gravitating bodies can

be derived from the metric components (7) and the standard

fluid equations contained in the conservation law
Dμ%TM&μν ! 0. This method uses a perfect fluid model
for matter, as done previously for the SME in Refs. [12,29].
While we do not discuss it here, these methods can be
generalized to the case of Lorentz violation in the matter
sector including gravitational effects [31,32].
We restrict attention to the case of two pointlike bodies

with masses ma and mb and positions r⃗a and r⃗b in an
asymptotically inertial coordinate system in which the
coefficients are assumed constant [12]. The relative posi-
tion between the two bodies is r⃗ ! r⃗a ! r⃗b and n̂ ! r⃗=r is a
unit vector pointing in this direction, while the relative
velocity is v⃗ ! v⃗a ! v⃗b. By suitably integrating the fluid
equations over body a, the acceleration of body a due to
body b is found to be

d2rja
dt2

! !GNmb

r2

!"
1# 3

2
s̄00

#
nj ! s̄jknk #

3

2
s̄klnknlnj

$

# 2GNmb

r2
%s̄0jvknk ! s̄0kvknj&

# GNmb

r2
s̄0kvlb%2δj%knl& ! 3δklnj ! 3njnknl&

# GNmbvk

r3
%15nlnmnnn"jKk$lmn

# 9nlnmK"jk$lm ! 9n"jKk$llmnm ! 3K"jk$ll& # ' ' '

%11&

The first term proportional to nj is the Newtonian accel-
eration, followed by the acceleration modifications from
the s̄ coefficients. The final terms controlled by the mass
dimension 5 coefficient combinations Kjklm can be viewed,
in the context of the post-Newtonian expansion, as the
result of a nonstatic (velocity dependent) inverse cubic
force between the masses a and b, which is strikingly
different from what occurs in GR and other Lorentz-
breaking terms [7,8].
Also in Eq. (11) the ellipses stand for corrections from

GR and higher terms in a post-Newtonian series. Note that
there are no self-acceleration terms present, which is
consistent with the fact that the SME is based on an action
principle with energy and momentum conservation laws. In
fact, the result (11) can be derived from a post-Newtonian
series of the standard geodesic equation with the metric (7).
The equations for the relative acceleration of two bodies,

which is more closely related to what is actually observable,
are straightforward to compute from (11). In fact the
expression for the relative acceleration of bodies a and
b, aj ! d2rj=dt2, can be obtained from the right-hand side
of (11) with the replacement of mb ! M ! ma #mb, with
the exception of the s̄0j terms. These latter terms contain a
dependence on the Newtonian center of mass velocity via
mav⃗a #mbv⃗b [12].
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superpotentials: 

hat operators: 



Solutions: classical lagrangian 

(Bailey and Havert PRD 17) 

It is also useful to write down the effective two-body
classical Lagrangian from which the equations of motion
can be derived. Specifically, for two bodies, a and b, we
have

L ! 1

2
"mav2a #mbv2b$

#GNmamb

r

!
1# 3

2
s̄00 #

1

2
s̄jknjnk

"

#GNmamb

2r
"3s̄0j"v

j
a # vjb$ # s̄0jnj"vka # vkb$nk$

! 3GNmamb

2r2
vjab"Kjklmnknlnm ! Kjkklnl$: "12$

One can see from this Lagrangian (or from the acceleration
equations) a distinction between some of the PNO"3$
terms proportional to the velocities of the bodies. In the
second line of the Lagrangian, terms depending on the
velocity of the bodies relative to the background s̄0j are
present. In contrast, for the Kjklm terms on the last line,
the velocity dependence is only on the relative velocity of
the two bodies v⃗ ! v⃗a ! v⃗b. This has implications for the
subtle observability of these coefficients, as is revealed by
looking at specific tests.

IV. TESTS

For the specific tests discussed below, we adopt, where
possible, the standard Sun-centered celestial equatorial frame
coordinates (SCF) in which coefficient measurements are
reported [3,33]. These coordinates are denoted with capital
letters as fT; X; Y; Zg. For convenience, some results are
projected along various unit vectors associated with the
specific test. These unit vectors can then be expressed in
terms of the SCF coordinates for analysis. Also, the reader
is cautioned about the notational changes in the following
discussions where the same symbols may be used to
represent different quantities in different subsections.
We remark in passing that the tests discussed below are

also of interest for the matter-gravity couplings āμ and c̄μν,
and the associated phenomenology is published elsewhere
[31,32,34]. However, the c̄μν coefficients for the electron,
proton, and neutron, while in principle measurable in
gravity tests, are now better constrained from laboratory
and astrophysical tests [3,35].
It should also be emphasized that for the orbital tests

discussed below, we use the point-mass approximation in
Eq. (11) and (12). While this suffices for bodies that are
sufficiently separated, for cases such as near Earth satel-
lites, it may be necessary to include effects from the bodies
spherical inertia that arise in the potentials [12].

A. Secular changes

Using the method of oscillating orbital elements and the
acceleration (11), one can calculate the time derivatives of

six Keplerian orbital elements for a generic binary orbit
[36]. Of primary interest for analysis are five of these
elements: the semi-major axis a, the eccentricity e, the
periastron ω, the inclination with respect to the chosen
reference plane i, and the angle of the ascending node Ω.
After calculating the changes in the elements using the

modified acceleration we then time average the results
over one orbital period, yielding the secular changes. The
formulas for the secular changes in the orbital elements
due to the s̄μν coefficients can be found in Eqs. (168)-(171)
in Ref. [12] and elsewhere [37,38]. We find that the
secular change in the semimajor axis and eccentricity both
vanish for the Kjklm coefficients. This is in contrast to the
coefficients s̄μν, where a contribution to the change in the
shape of the orbit e persists after averaging. However, for
the Kjklm coefficients, the orientation of the orbit changes
via the periastron, inclination, and ascending node angle as
follows:

#
dω
dt

$
! !

n2

4"1! e2$3=2
f2K1 # cot i%cosωK2 # sinωK3&g;

"13$

#
di
dt

$
! n2

4"1 ! e2$3=2
%cosωK3 ! sinωK2&; "14$

#
dΩ
dt

$
! n2

4"1 ! e2$3=2
csc i%cosωK2 # sinωK3&; "15$

where the combinations K1, K2, and K3 are given by

K1 ! 3KPPPQ # KPQQQ # 6K%PQ&kk;

K2 ! 3KPQQk ! 3KPPPk ! 4KPkkk ! 6KQPQk;

K3 ! 6KPPQk # 4KQkkk ! 3KQPPk # 3KQQQk; "16$

and n is the frequency of the orbit. The subscripts on the
coefficients stand for projections along the three unit
vectors defining the orientation of each orbit: P⃗, Q⃗, and
k⃗ (see Eq. (166) in Ref. [12]).
The results above indicate that three combinations of the

coefficients Kjklm appear in the secular changes of the 3
orbital elements above. The use of multiple orbits, each
with differing orientation, can disentangle the coefficients.
Analyses similar to the study of solar-system ephemeris in
Refs. [38,39] and binary pulsar observations in Ref. [37]
would be of interest. In particular it should be noted that
while the s̄μν coefficients also yield changes in the elements
i, ω, and Ω, the angular dependence of the coefficient
projections for the mass dimension 5 coefficients, such as
KPQQk ! KjklmPjQkQlkm, differs. This may be used to
disentangle the Kjklm coefficients from the s̄μν coefficients.
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•  Can formulate as classical point-particle lagrangian 

•  Kjklm=effective coefficients depending on the dimension 5 q...  

•  Cubic gravity force law for CPT breaking terms 



GR 

Example: modifications to Newton’s law of gravity 

Exaggerated effect from  

SME terms; 3x3 subblock of  Newtonian term  
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activity has been a resurgence of interest in tests of relativity in the Minkowski spacetime context,
where global Lorentz symmetry is the key ingredient. Numerous experimental and observational
constraints have been obtained on many different types of hypothetical Lorentz and CPT symmetry
violations involving matter [24]. Another part, which has been developed more recently, has seen the
SME framework extended to include the curved spacetime regime [37]. Recent work shows that there
are many ways in which the spacetime symmetry foundations of GR can be tested [29,39].

In the context of effective field theory in curved spacetime, violations of these types can be
described by an action that contains the usual Einstein-Hilbert term of GR, a matter action, plus a
series of terms describing Lorentz violation for gravity and matter in a generic way. While the fully
general coordinate invariant version of this action has been studied in the literature, we focus on a
limiting case that is valid for weak-field gravity and can be compactly displayed. Using an expansion
of the spacetime metric around flat spacetime, gµn = hµn + hµn, the effective Lagrange density to
quadratic order in hµn can be written in a compact form as

L = LEH +
c3

32pG
hµn s̄abGaµnb + ..., (1)

where LEH is the standard Einstein-Hilbert term, Gaµnb is the double dual of the Einstein tensor
linearized in hµn, G the bare Newton constant and c the speed of light in a vacuum. The
Lorentz-violating effects in this expression are controlled by the 9 independent coefficients in the
traceless and dimensionless s̄µn [39]. These coefficients are treated as constants in asymptotically
flat cartesian coordinates. The ellipses represent additional terms in a series including terms that
break CPT symmetry for gravity; such terms are detailed elsewhere [43,56,60] and are part of the
so-called nonminimal SME expansion. Note that the process by which one arrives at the effective
quadratic Lagrangian (1) is consistent with the assumption of the spontaneous breaking of local
Lorentz symmetry, which is discussed below.

Also of interest are the matter-gravity couplings. This form of Lorentz violation can be realized
in the classical point-mass limit of the matter sector. In the minimal SME the point-particle action can
be written as

SMatter =
Z

dl c
⇣
�m

q
�(gµn + 2cµn)uµun � aµuµ

⌘
, (2)

where the particle’s worldline tangent is uµ = dxµ/dl [29]. The coefficients controlling local Lorentz
violation for matter are cµn and aµ. In contrast to s̄µn, these coefficients depend on the type of point
mass (particle species) and so they can also violate the EEP. When the coefficients s̄µn, cµn, and aµ

vanish perfect local Lorentz symmetry for gravity and matter is restored. It is also interesting to
mention that this action with fixed (but not necessarily constant) aµ and cµn represents motion in a
Finsler geometry [66,67].

It has been shown that explicit local Lorentz violation is generically incompatible with Riemann
geometry [37]. One natural way around this is assumption of spontaneous Lorentz-symmetry
breaking. In this scenario, the tensor fields in the underlying theory acquire vacuum expectation
values through a dynamical process. Much of the literature has been devoted to studying
this possibility in the last decades [9,38,68–78], including some original work on spontaneous
Lorentz-symmetry breaking in string field theory [10,11]. For the matter-gravity couplings in Eq. (2),
the coefficient fields cµn, and aµ are then expanded around their background (or vacuum) values c̄µn,
and āµ. Both a modified spacetime metric gµn and modified point-particle equations of motion result
from the spontaneous breaking of Lorentz symmetry. In the linearized gravity limit these results rely
only on the vacuum values c̄µn, and āµ. The dominant signals for Lorentz violation controlled by
these coefficients are revealed in the calculation of observables in the post-Newtonian limit.

Several novel features of the post-Newtonian limit arise in the SME framework. It was shown
in Ref. [39] that a subset of the s̄µn coefficients can be matched to the PPN formalism [2,27], but
others lie outside it. For example, a dynamical model of spontaneous Lorentz symmetry breaking
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Gravity experimental/observational analysis with SME 

•  gravimeter tests (Müller et al PRL 08, Chung et al PRD 09, C.G. Shao et al 17) 

•  gyroscope experiment (Bailey et al PRD 13)      
•  lunar laser ranging (Battat et al PRL 07, Bourgoin et al PRL 16, 17)                                                                 
•  pulsars (L Shao PRL 14, PRD 14) 

•  redshift/clock tests (Hohensee etal PRL 11, PRL 13,...) 

•  short-range gravity tests (Long PRD 15, Shao et al PRD 15, PRL 16) 
•  space-based WEP tests (Microscope forthcoming, ...) 

•  solar system ephemeris (Iorio CQG 12, Hees et al PRD 15) 

•  time delay/light-bending tests (Le Poncin-Lafitte et al PRD 16) 

•  torsion-pendulum tests (Schlamminger et al PRL 08) 

•  cosmic rays (Kostelecky and Tasson, PLB 15) 

•  gravitational waves (Kostelecky & Mewes, PLB 16) 

•  Black holes, Cosmology, …  



Quiz: where were we at 6:07 AM this morning? 
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•  Vertical acceleration for a test body on Earth is modulated 

•  Produces sidereal variations in g 
  
   

•  Ideal for Atom Interferometer tests 
    (correlation with tidal effects) 

Earth Laboratory tests: gravimeters 

Sun-centered frame coefficients 

 

U ! GM"
j ~X# ~x"j

;

UJK ! GM"$X# x"%J$X# x"%K
j ~X# ~x"j3

# GI"
3j ~X# ~x"j5

& '3$X# x"%J$X# x"%K # !JKj ~X# ~x"j2(;

VJ ! GM"VJ"
j ~X# ~x"j

) . . . : (119)

In these equations, M" is the mass of the Earth. The
quantity I" is the spherical moment of inertia of the
Earth, given by the integral

 I" !
Z
d3y"$ ~y% ~y2 (120)

over the volume of the Earth, where ~y is the vector distance
from the center of the Earth and "$ ~y% is the density of the
Earth. The ellipses in Eq. (119) represent neglected grav-
itomagnetic effects.

Inserting Eq. (117) into Eq. (116) yields the following
components of the observer’s acceleration in the Sun-
centered frame:
 

aT ! O$3%;

aJ ! g
!
1) 3

2
i1 !sTT ) 3

2
i2 !sKL!K ~k

!L~l
#̂

~k#̂
~l
"
!J~j#̂

~j

# gi3 !sJK!K ~k
#̂

~k ) gi3$ !sTJVK"!K ~k
#̂

~k ) !sTKVJ"!K ~k
#̂

~k%

# 3g$i1 !sTKVK"!J~j#̂
~j ) i2 !sTKVL"!K ~k

!L~l
!J~j#̂

~k#̂
~l#̂~j%

) !J~jd
2#~j=dT2 )O$4%: (121)

In these equations, the reference gravitational acceleration
g is

 g ! GM"=R2
"; (122)

and the quantities i1, i2, i3 are defined by
 

i" !
I"

M"R2
"
; i1 ! 1) 1

3
i";

i2 ! 1# 5
3
i"; i3 ! 1# i":

(123)

Note that the analysis here disregards possible tidal
changes in the Earth’s shape and mass distribution
[30,63], which under some circumstances may enhance
the observability of signals for Lorentz violation.

To obtain the corresponding expressions in the observ-
er’s frame, it suffices to project Eq. (121) along the comov-
ing basis vectors e$̂ ! e"

$̂e" of the accelerated and
rotated observer on the Earth’s surface. Explicit expres-
sions for these basis vectors are given by Eq. (93), with the
observer velocity vjo and the rotation Rjk taken as

 vjo ! !J
jVJ" ) !j~jd#

~j=dT )O$3%; Rjk ! RjkZ $!"T%:
(124)

To sufficient approximation, we may use

 

~V " ! V"$sin#"T;# cos% cos#"T;# sin% cos#"T%;
(125)

where V" is the mean Earth orbital speed and % is the
inclination of the Earth’s orbit, shown in Fig. 2.

We are free to use the observer rotational invariance of
the metric (113) to choose the observer’s spatial coordi-
nates xĵ to coincide with the standard SME conventions for
an Earth laboratory (see Ref. [34], Appendix C). Thus, at a
given point on the Earth’s surface, ẑ points towards the
zenith, ŷ points east, and x̂ points south. With these con-
ventions, we find the desired expression for the local
acceleration to be

 

aĵ ! g
!
1) 3

2
i1 !sTT ) 3

2
i2 !sẑ ẑ

"
!ĵ ẑ # gi3 !sĵ ẑ

#!2R"$sin2&!ĵ ẑ ) sin& cos&!ĵ x̂%

) gi3$!sTĵVẑ" ) !sTẑVĵ"% # 3g$i1 !sTJVJ" ) i2 !sTẑVẑ"%!ĵ ẑ

) . . . : (126)

The ellipses represent Newtonian tidal corrections from the
Sun and Moon, along with O$4% terms. The various pro-
jections of quantities along the local axes appearing in
Eq. (126) are obtained using the comoving basis vectors
e$̂ ! e"

$̂e". For example, !sTĵ ! e"
ĵ !sT". Typically, these

projections introduce time dependence on T. Note, how-
ever, that the coefficient !sTT carries no time dependence up
to O$3% and hence represents an unobservable scaling.

2. Gravimeter tests

By restricting attention to motion along the ẑ axis, the
expression (126) for the local acceleration can be used to
obtain the dominant Lorentz-violating contributions to the
apparent local variation !G of Newton’s gravitational con-
stant, as would be measured with a gravimeter. This gives

 

aẑ ! g$1) 3
2i1 !sTT ) 1

2i4 !sẑ ẑ% #!2R"sin2&# gi4 !sTẑVẑ"

# 3gi1 !sTJVJ"; (127)

where

 i4 ! 1# 3i": (128)

The time dependence of the apparent variations in G arises
from the terms involving the indices ẑ and the components
!sTJ. It can be decomposed in frequency according to
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Local 
acceleration 

Lorentz-
violating 
background 

•  Lorentz violation ⇒ modified acceleration 
Gravimeters 



 
•  Tested with Cesium atom interferometer (Berkeley group) 

 
                               
•  7 of 9 coefficients in         constrained (10-5-10-9) 

Atom interferometry tests 

g variation vs. time 

(Mueller,	  Chu,	  …	  PRL	  08,	  Chung	  etal.,	  PRD	  09)	  

10-9 g schematic 



More recent work on superconducting gravimeters worldwide +AI: 5

TABLE II: The space-space components of Lorentz violation from 12 superconducting gravimeter stations.

Location � time s̄XX � s̄Y Y s̄XY s̄XZ s̄Y Z

rad yr 10�10 10�10 10�10 10�10

Metsahovi, Finland -5.4926 20 �8.5± 2.3 �10.2± 1.1 �1.0± 0.3 �1.7± 0.3
Medicina, Italy -5.7152 19 �6.9± 1.4 �9.8± 0.7 �0.1± 0.3 �2.5± 0.4
Membach, Belgium -5.8136 16 �18.5± 3.6 �10.6± 1.8 1.4± 0.8 �7.9± 0.8
Sutherland, South Africa -5.5552 15 �2.1± 1.1 �9.8± 0.6 10.5± 0.5 �3.8± 0.5
Boulder, Co, USA -1.4719 9 �4.5± 4.8 �11.0± 1.2 0.6± 0.5 �2.3± 0.5
Canberra, Australia -3.3177 8 �11.3± 1.1 �12.1± 0.6 8.5± 0.5 �0.3± 0.5
Pecny, Czech Republic -5.6603 7 �23.4± 2.3 �14.3± 7.3 �3.7± 0.5 �3.7± 0.5
Conrad Observat., Austria 5.6416 7 �7.9± 2.6 �9.4± 1.3 �3.6± 0.6 �0.3± 0.6
Bad Homburg, Germany -5.7681 7 5.8± 2.7 �10.8± 1.4 �3.6± 0.6 3.0± 0.6
Wetzell, Germany -5.6936 6 �21.7± 3.4 �9.7± 1.7 �4.5± 0.8 �1.5± 0.8
Schiltach, Germany -5.7731 4 �18.5± 3.6 �10.6± 1.8 �1.4± 0.8 �7.9± 0.8
Brasimone, Italy -5.7244 2 �7.2± 4.1 �14.5± 2.1 �6.8± 1.1 20.7± 1.1

TABLE III: The comparison of Lorentz violation (LV) bounds from atom interferometry [11], the superconducting gravimeter
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•  Idea: measure distance to Moon                                  by 
reflecting laser light off mirrors                                                     

Lunar laser ranging 
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•  Many tests of gravity                               
(40+ years) 
•  Precision < 1 cm 
•  Basic observable:                                        
oscillations in lunar distance r 
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•    Principle effect: modified equations of motion 

•    Can analytically model oscillations 

Lunar laser ranging 

The possibility also exists to study more extreme orbits.
For example, orbital speeds on the order of 10!3c have
been observed in the stars near the center of our galaxy
where evidence points to the existence of a supermassive
black hole, and this could make an interesting testing
ground for CPT and Lorentz symmetry [40]. This is
particularly noteworthy since the modifications to the force
between two point masses varies as the inverse cube of the
distance for the Kjklm coefficients.

B. Laser ranging

To obtain observable range oscillations for the lunar case
and also Earth satellite case, we expand perturbatively
around a circular orbit using standard methods described in
the literature [10,41]. Implicitly then our approximate
results will be valid for nearly circular elliptical orbits.
The basic circular orbit frequency is ω while the so-called
“anomalistic frequency” is ω0. The latter represents the
frequency of the natural eccentric oscillations around the
circular orbit and the difference in the two frequencies
reflects a perigee precession arising from large Newtonian
perturbations. For the present application, the equation of
motion for the relative position of the satellite and source
body is best expressed in the form

aj ! !
GMrj

r3
" !⃗δV#r$ " δaj " % % % ; #17$

where δV#r$ represent the “central” portion of the pertur-
bative potential (both Newtonian, Lorentz-violating, and
otherwise) which is used in the definition of the circular
orbit frequency ω. Here δaj is the Lorentz-violating
acceleration, obtainable from (11).
We then expand around a circular orbit radius r0 as

r ! r0 " δr and similarly we expand the angular momen-
tum per unit mass h ! jr⃗ ! v⃗j as h ! h0 " δh and truncate
the result order by order assuming the perturbations are
small. The mean speed of the orbit is v0 ! ωr0. The basic
equation for the oscillations in the range δr between
two bodies is given approximately, to second order in
perturbations, by

δ̈r" ω2
0δr !

h02δh
r30

" #δh$2

r30
" 3ω2#δr$2

r0
!
6h0δhδr

r40
" δar;

#18$

where δar ! n̂ · δa⃗. The second order terms are kept to
include some near-resonant terms that arise from coupling
Lorentz-violating oscillations with the basic eccentric
oscillation

δre ! r0e cos#ω0t" ϕ$: #19$

The equation (18) is a driven harmonic system and we
can catalog the dominant oscillations controlled by the

coefficients Kjklm. To contrast the results with the minimal
SME we also include the results for the s̄μν coefficients.
Table I lists the amplitudes and frequencies for the
oscillation signal, which is described by the general form

δr !
X

n

&An cos#ωnT " ϕn$ " Bn sin#ωnT " ϕn$'; #20$

where ωn and ϕn are the frequencies and associated phases.
The details on the phases of the oscillations can be found in
Ref. [12]. Also, the coefficients appearing in the amplitudes
are displayed compactly in terms of projections onto an
orbital plane basis fe1; e2; e3g, for example, K1122 !
KJKLMeJ1e

K
1 e

L
2 e

M
2 . This basis can be expressed in terms

of the SCF coordinates using the results in Ref. [12], in
particular the satellite orbit figure 4 of that reference.
The oscillations for the near resonance frequencies ω and

2ω ! ω0 are absent for the Kjklm coefficients. Furthermore,
as displayed in Ref. [12], the s̄0j coefficients lead to
oscillation also at the Earth’s orbital frequency Ω, while
no such terms arise for the Kjklm coefficients. The latter
result can be traced to the exclusive relative velocity
dependence in (11). Higher harmonics in the frequencies
ω and Ω also exist but are typically suppressed by e or
powers of the factor ω=Ω relative to the ones appearing in
Table I.
While post-fit analysis using Eq. (20) can be performed

[42], a more rigorous analysis includes the equations of
motion (11) directly into the ephemeris code for laser
ranging observations. Such an analysis has been performed
recently for the s̄μν coefficients and has placed the most
stringent solar-system limits on these coefficients using
decades of data from lunar laser ranging [14]. It would be of
definite interest to try to add the modifications for the Kjklm

combinations of the q coefficients into this code and
perform a combined fit with the s̄μν coefficients. As the
table indicates, there is likely to be significant correlation of
the Kjklm coefficients with the s̄μν coefficients. Though it
appears to represent a challenge to disentangle them, a full

TABLE I. Dominant range oscillation frequencies and ampli-
tudes for the lunar and satellite laser ranging scenario. We include
mass dimension 4 coefficients s̄μν and the CPT-violating mass
dimension 5 coefficients Kjklm. The coefficients are projected
onto an orbital plane basis.

Frequency s̄μν Amplitude Kjklm Amplitude

A2ω ! 1
12 r0#s̄11 ! s̄22$ 1

4 v0#6K#12$33 ! 3K1112 " K1222$
B2ω ! 1

6 r0s̄12 ! 3
4 v0#K1122 " K1133 ! K2233$

A2ω!ω0 ! ωer0#s̄11!s̄22$
16#ω!ω0$

0

B2ω!ω0 ! ωer0 s̄12
8#ω!ω0$

0

Aω
ωv0r0 s̄02
#ω!ω0$

0

Bω ! ωv0r0 s̄01
#ω!ω0$

0
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Including Newtonian perturbations (e.g., Solar tidal) 

LV terms 
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The details on the phases of the oscillations can be found in
Ref. [12]. Also, the coefficients appearing in the amplitudes
are displayed compactly in terms of projections onto an
orbital plane basis fe1; e2; e3g, for example, K1122 !
KJKLMeJ1e

K
1 e

L
2 e

M
2 . This basis can be expressed in terms
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particular the satellite orbit figure 4 of that reference.
The oscillations for the near resonance frequencies ω and

2ω ! ω0 are absent for the Kjklm coefficients. Furthermore,
as displayed in Ref. [12], the s̄0j coefficients lead to
oscillation also at the Earth’s orbital frequency Ω, while
no such terms arise for the Kjklm coefficients. The latter
result can be traced to the exclusive relative velocity
dependence in (11). Higher harmonics in the frequencies
ω and Ω also exist but are typically suppressed by e or
powers of the factor ω=Ω relative to the ones appearing in
Table I.
While post-fit analysis using Eq. (20) can be performed

[42], a more rigorous analysis includes the equations of
motion (11) directly into the ephemeris code for laser
ranging observations. Such an analysis has been performed
recently for the s̄μν coefficients and has placed the most
stringent solar-system limits on these coefficients using
decades of data from lunar laser ranging [14]. It would be of
definite interest to try to add the modifications for the Kjklm

combinations of the q coefficients into this code and
perform a combined fit with the s̄μν coefficients. As the
table indicates, there is likely to be significant correlation of
the Kjklm coefficients with the s̄μν coefficients. Though it
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For example, orbital speeds on the order of 10!3c have
been observed in the stars near the center of our galaxy
where evidence points to the existence of a supermassive
black hole, and this could make an interesting testing
ground for CPT and Lorentz symmetry [40]. This is
particularly noteworthy since the modifications to the force
between two point masses varies as the inverse cube of the
distance for the Kjklm coefficients.

B. Laser ranging

To obtain observable range oscillations for the lunar case
and also Earth satellite case, we expand perturbatively
around a circular orbit using standard methods described in
the literature [10,41]. Implicitly then our approximate
results will be valid for nearly circular elliptical orbits.
The basic circular orbit frequency is ω while the so-called
“anomalistic frequency” is ω0. The latter represents the
frequency of the natural eccentric oscillations around the
circular orbit and the difference in the two frequencies
reflects a perigee precession arising from large Newtonian
perturbations. For the present application, the equation of
motion for the relative position of the satellite and source
body is best expressed in the form
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where δV#r$ represent the “central” portion of the pertur-
bative potential (both Newtonian, Lorentz-violating, and
otherwise) which is used in the definition of the circular
orbit frequency ω. Here δaj is the Lorentz-violating
acceleration, obtainable from (11).
We then expand around a circular orbit radius r0 as

r ! r0 " δr and similarly we expand the angular momen-
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the result order by order assuming the perturbations are
small. The mean speed of the orbit is v0 ! ωr0. The basic
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can catalog the dominant oscillations controlled by the
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SME we also include the results for the s̄μν coefficients.
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oscillation signal, which is described by the general form
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where ωn and ϕn are the frequencies and associated phases.
The details on the phases of the oscillations can be found in
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of the SCF coordinates using the results in Ref. [12], in
particular the satellite orbit figure 4 of that reference.
The oscillations for the near resonance frequencies ω and

2ω ! ω0 are absent for the Kjklm coefficients. Furthermore,
as displayed in Ref. [12], the s̄0j coefficients lead to
oscillation also at the Earth’s orbital frequency Ω, while
no such terms arise for the Kjklm coefficients. The latter
result can be traced to the exclusive relative velocity
dependence in (11). Higher harmonics in the frequencies
ω and Ω also exist but are typically suppressed by e or
powers of the factor ω=Ω relative to the ones appearing in
Table I.
While post-fit analysis using Eq. (20) can be performed

[42], a more rigorous analysis includes the equations of
motion (11) directly into the ephemeris code for laser
ranging observations. Such an analysis has been performed
recently for the s̄μν coefficients and has placed the most
stringent solar-system limits on these coefficients using
decades of data from lunar laser ranging [14]. It would be of
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perform a combined fit with the s̄μν coefficients. As the
table indicates, there is likely to be significant correlation of
the Kjklm coefficients with the s̄μν coefficients. Though it
appears to represent a challenge to disentangle them, a full
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where evidence points to the existence of a supermassive
black hole, and this could make an interesting testing
ground for CPT and Lorentz symmetry [40]. This is
particularly noteworthy since the modifications to the force
between two point masses varies as the inverse cube of the
distance for the Kjklm coefficients.
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To obtain observable range oscillations for the lunar case
and also Earth satellite case, we expand perturbatively
around a circular orbit using standard methods described in
the literature [10,41]. Implicitly then our approximate
results will be valid for nearly circular elliptical orbits.
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“anomalistic frequency” is ω0. The latter represents the
frequency of the natural eccentric oscillations around the
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2ω ! ω0 are absent for the Kjklm coefficients. Furthermore,
as displayed in Ref. [12], the s̄0j coefficients lead to
oscillation also at the Earth’s orbital frequency Ω, while
no such terms arise for the Kjklm coefficients. The latter
result can be traced to the exclusive relative velocity
dependence in (11). Higher harmonics in the frequencies
ω and Ω also exist but are typically suppressed by e or
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of the SCF coordinates using the results in Ref. [12], in
particular the satellite orbit figure 4 of that reference.
The oscillations for the near resonance frequencies ω and

2ω ! ω0 are absent for the Kjklm coefficients. Furthermore,
as displayed in Ref. [12], the s̄0j coefficients lead to
oscillation also at the Earth’s orbital frequency Ω, while
no such terms arise for the Kjklm coefficients. The latter
result can be traced to the exclusive relative velocity
dependence in (11). Higher harmonics in the frequencies
ω and Ω also exist but are typically suppressed by e or
powers of the factor ω=Ω relative to the ones appearing in
Table I.
While post-fit analysis using Eq. (20) can be performed

[42], a more rigorous analysis includes the equations of
motion (11) directly into the ephemeris code for laser
ranging observations. Such an analysis has been performed
recently for the s̄μν coefficients and has placed the most
stringent solar-system limits on these coefficients using
decades of data from lunar laser ranging [14]. It would be of
definite interest to try to add the modifications for the Kjklm

combinations of the q coefficients into this code and
perform a combined fit with the s̄μν coefficients. As the
table indicates, there is likely to be significant correlation of
the Kjklm coefficients with the s̄μν coefficients. Though it
appears to represent a challenge to disentangle them, a full

TABLE I. Dominant range oscillation frequencies and ampli-
tudes for the lunar and satellite laser ranging scenario. We include
mass dimension 4 coefficients s̄μν and the CPT-violating mass
dimension 5 coefficients Kjklm. The coefficients are projected
onto an orbital plane basis.

Frequency s̄μν Amplitude Kjklm Amplitude

A2ω ! 1
12 r0#s̄11 ! s̄22$ 1

4 v0#6K#12$33 ! 3K1112 " K1222$
B2ω ! 1

6 r0s̄12 ! 3
4 v0#K1122 " K1133 ! K2233$

A2ω!ω0 ! ωer0#s̄11!s̄22$
16#ω!ω0$

0

B2ω!ω0 ! ωer0 s̄12
8#ω!ω0$

0

Aω
ωv0r0 s̄02
#ω!ω0$

0

Bω ! ωv0r0 s̄01
#ω!ω0$

0
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•  Driven harmonic oscillator 

ω=mean orbital frequency 
ω0=anomalistic frequency 

in experimental analyses of ranging to the Moon and to
various artificial satellites.

1. Earth-satellite dynamics

The coordinate acceleration !JES of the relative Earth-
satellite separation can be obtained from Eq. (52).
Allowing for perturbative effects from the Sun and other
bodies, we can write

 !JES !
d2rJ

dT2 " !JN # !JT # !JQ # !JLV # . . . : (99)

The first three terms in this expression are Newtonian
effects that are independent of Lorentz violation. The first
is the Newtonian acceleration for a point mass in the
Newtonian gravitational field of the Earth-satellite system.
It is given by

 !JN " $
GM
r3 rJ: (100)

In this expression and what follows,G has been rescaled by
a factor of %1$ 3 !sTT=2&, which is unobservable in this
context. The second term is the Newtonian tidal quadru-
pole term, which takes the form

 !JT "
X

n!1;2

Gmn%3R̂JnR̂Kn rK $ rJ&
R3
n

: (101)

This expression basically represents the leading effects
from external bodies at the Newtonian level of approxima-
tion. The third term is

 !JQ " $
3Qz"ZJ

r5 $ 3Q%5z2 # r2&rJ
2r7 : (102)

It represents the acceleration due to the Earth’s quadrupole
moment.

The term !JLV in Eq. (99) contains the leading Lorentz-
violating effects. It can be split into two pieces,

Earth

Sun

satellite

perturbing
body

FIG. 3. The Earth-satellite system in the Sun-centered frame.

TABLE I. Definitions for analysis of laser ranging to the Moon and to artificial satellites.

Quantity Definition

m1 Satellite mass
m2 Earth mass
M " m1 #m2 Total Earth-satellite mass
"m " m2 $m1 Earth-satellite mass difference
mn Mass of nth perturbing body
M' Sun mass
rJ1 Satellite position
r0 Mean satellite orbital distance to Earth
rJ2 Earth position
R Mean Earth orbital distance to Sun
R( Earth radius
rJn Position of nth perturbing body
rJ " rJ1 $ rJ2 " %x; y; z& Earth-satellite separation, with magnitude r " j ~r1 $ ~r2j
"r Deviation of Earth-satellite distance r from the mean r0

RJ " %m1rJ1 #m2rJ2&=M Position of Earth-satellite Newtonian center of mass
RJn " RJ $ rJn Separation of Newtonian center of mass and nth perturbing body
! Mean satellite frequency
!0 Anomalistic satellite frequency
!n nth harmonic of satellite frequency
"( "

!!!!!!!!!!!!!!!!!!!
GM'=R3

p
Mean Earth orbital frequency

v0 Mean satellite orbital velocity
V( " "(R Mean Earth orbital velocity
vJ " vJ1 $ vJ2 " drJ=dT Relative Earth-satellite velocity
VJ " %m1vJ1 #m2vJ2&=M Velocity of Earth-satellite Newtonian center of mass
Q " J2GMR2

( Earth quadrupole moment, with J2 ) 0:001
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 !r !
X
n
"An cos#!nT $"n% $ Bn sin#!nT $"n%&:

(106)

The dominant amplitudes An and Bn and the values of the
corresponding phases "n are listed in Table II. The ampli-
tudes are taken directly from Eqs. (A38). The phases "n
are related as indicated to the circular-orbit phase # shown
in Fig. 4.

The mass, position, frequency, and velocity variables
appearing in Table II are defined in Table I. The eccen-
tricity of the orbit is denoted e, and for the analysis it is
assumed to be much less than unity. The quantities b1 and
b2 are defined in Eq. (A23) of Appendix A. The anomal-
istic frequency !0 is the frequency of the natural eccentric
oscillations. Note that !0 differs from ! in the presence of
perturbing bodies and quadrupole moments. In the lunar
case, for example, 2$=#!0 '!% ( 8:9 years [53].

Some of the combinations of SME coefficients appear-
ing in Table II are labeled with indices 1 and 2, which refer
to projections on the orbital plane. The label 1 represents
projection onto the line of ascending nodes, while the
label 2 represents projection onto the perpendicular direc-
tion in the orbital plane. Explicitly, the combinations are
given in terms of the basic Sun-centered coefficients for
Lorentz violation as
 

!s11' !s22 ! #cos2%' sin2%cos2&% !sXX

$#sin2%' cos2%cos2&% !sYY ' sin2&!sZZ

$ 2 sin%cos%#1$ cos2&% !sXY

$ 2 sin&cos& sin%!sXZ' 2 sin&cos&cos%!sYZ;

!s12 !' sin%cos%cos&!sXX$ cos% sin%cos&!sYY

$#cos2%' sin2%%cos&!sXY$ cos% sin&!sXZ

$ sin% sin&!sYZ;

!s01 ! cos%!sTX$ sin%!sTY;

!s02 !' sin%cos&!sTX$ cos%cos&!sTY$ sin&!sTZ:

(107)

Different combinations of coefficients for Lorentz vio-
lation also appear in Table II, associated with the ampli-

tudes of the oscillations at frequency "). The relevant
combinations of these coefficients in the Sun-centered
frame are explicitly given by

 

!s")c ! 1
2#sin% sin' sin& cos&$ sin% cos% cos'cos2&

' sin% cos' cos%%!sTX ' #3 cos'$ 1
2 cos'sin2%

$ 1
2 cos% sin' sin& cos&

$ 1
2 cos'cos2%cos2&%!sTY ' #3 sin'

$ 1
2 cos% cos' sin& cos&$ 1

2sin2& sin'% !sTZ;
!s")s ! '#3$ 1

2sin2%cos2&$ 1
2cos2%% !sTX

' 1
2 cos% sin%sin2&!sTY $ 1

2 sin% sin& cos&!sTZ:

(108)

3. Experiment

A feature of particular potential interest for experiments
is the dependence of the coefficients in Table II on the
orientation of the orbital plane. To illustrate this, consider
first an equatorial satellite, for which & ! 0. The observ-
able combinations of coefficients for Lorentz violation
then reduce to

 

!s11 ' !s22 ! cos2%# !sXX ' !sYY% $ 2 sin2%!sXY;

!s12 ! '1
2 sin2%# !sXX ' !sYY% $ cos2%!sXY:

(109)

This implies that the 2! and 2!'!0 frequency bands of
this orbit have sensitivity to the coefficients !sXX, !sYY , and
!sXY . If instead a polar satellite is considered, for which
& ! $=2, the same frequency bands have sensitivity to all
six coefficients in !sJK:

 

!s11 ' !s22 ! 1
2# !sXX $ !sYY% $ 1

2 cos2%# !sXX ' !sYY%
$ sin2%!sXY ' !sZZ;

!s12 ! cos%!sXZ $ sin%!sYZ:
(110)

These examples show that satellites with different orbits
can place independent bounds on coefficients for Lorentz
violation. A similar line of reasoning shows sensitivity to
the !sTJ coefficients can be acquired as well.

For lunar laser ranging, the even-parity coefficients !sJK

can be extracted from Eqs. (107) using the appropriate
values of the longitude of the node and the inclination.
For definiteness and to acquire insight, we adopt the values
% ( 125* and & ( 23:5*. However, these angles vary for
the Moon due to comparatively large Newtonian perturba-
tions, so some caution is needed in using the equations that
follow. In any case, with these values we find the even-
parity coefficients are given by

TABLE II. Dominant Earth-satellite range oscillations.

Amplitude Phase

A2! ! ' 1
12 #!s11 ' !s22%r0 2#

B2! ! ' 1
6 !s12r0 2#

A2!'!0
! '!er0#!s11 ' !s22%=16#!'!0% 2#

B2!'!0
! '!er0 !s12=8#!'!0% 2#

A! ! '!#!m%v0r0 !s02=M#!'!0% #
B! ! !#!m%v0r0 !s01=M#!'!0% #
A") ! V)r0#b1=b2%!s")c 0
B") ! V)r0#b1=b2%!s")s 0
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045001-22



Lunar laser ranging 

r 

The possibility also exists to study more extreme orbits.
For example, orbital speeds on the order of 10!3c have
been observed in the stars near the center of our galaxy
where evidence points to the existence of a supermassive
black hole, and this could make an interesting testing
ground for CPT and Lorentz symmetry [40]. This is
particularly noteworthy since the modifications to the force
between two point masses varies as the inverse cube of the
distance for the Kjklm coefficients.

B. Laser ranging

To obtain observable range oscillations for the lunar case
and also Earth satellite case, we expand perturbatively
around a circular orbit using standard methods described in
the literature [10,41]. Implicitly then our approximate
results will be valid for nearly circular elliptical orbits.
The basic circular orbit frequency is ω while the so-called
“anomalistic frequency” is ω0. The latter represents the
frequency of the natural eccentric oscillations around the
circular orbit and the difference in the two frequencies
reflects a perigee precession arising from large Newtonian
perturbations. For the present application, the equation of
motion for the relative position of the satellite and source
body is best expressed in the form

aj ! !
GMrj

r3
" !⃗δV#r$ " δaj " % % % ; #17$

where δV#r$ represent the “central” portion of the pertur-
bative potential (both Newtonian, Lorentz-violating, and
otherwise) which is used in the definition of the circular
orbit frequency ω. Here δaj is the Lorentz-violating
acceleration, obtainable from (11).
We then expand around a circular orbit radius r0 as

r ! r0 " δr and similarly we expand the angular momen-
tum per unit mass h ! jr⃗ ! v⃗j as h ! h0 " δh and truncate
the result order by order assuming the perturbations are
small. The mean speed of the orbit is v0 ! ωr0. The basic
equation for the oscillations in the range δr between
two bodies is given approximately, to second order in
perturbations, by

δ̈r" ω2
0δr !

h02δh
r30

" #δh$2

r30
" 3ω2#δr$2

r0
!
6h0δhδr

r40
" δar;

#18$

where δar ! n̂ · δa⃗. The second order terms are kept to
include some near-resonant terms that arise from coupling
Lorentz-violating oscillations with the basic eccentric
oscillation

δre ! r0e cos#ω0t" ϕ$: #19$

The equation (18) is a driven harmonic system and we
can catalog the dominant oscillations controlled by the

coefficients Kjklm. To contrast the results with the minimal
SME we also include the results for the s̄μν coefficients.
Table I lists the amplitudes and frequencies for the
oscillation signal, which is described by the general form

δr !
X

n

&An cos#ωnT " ϕn$ " Bn sin#ωnT " ϕn$'; #20$

where ωn and ϕn are the frequencies and associated phases.
The details on the phases of the oscillations can be found in
Ref. [12]. Also, the coefficients appearing in the amplitudes
are displayed compactly in terms of projections onto an
orbital plane basis fe1; e2; e3g, for example, K1122 !
KJKLMeJ1e

K
1 e

L
2 e

M
2 . This basis can be expressed in terms

of the SCF coordinates using the results in Ref. [12], in
particular the satellite orbit figure 4 of that reference.
The oscillations for the near resonance frequencies ω and

2ω ! ω0 are absent for the Kjklm coefficients. Furthermore,
as displayed in Ref. [12], the s̄0j coefficients lead to
oscillation also at the Earth’s orbital frequency Ω, while
no such terms arise for the Kjklm coefficients. The latter
result can be traced to the exclusive relative velocity
dependence in (11). Higher harmonics in the frequencies
ω and Ω also exist but are typically suppressed by e or
powers of the factor ω=Ω relative to the ones appearing in
Table I.
While post-fit analysis using Eq. (20) can be performed

[42], a more rigorous analysis includes the equations of
motion (11) directly into the ephemeris code for laser
ranging observations. Such an analysis has been performed
recently for the s̄μν coefficients and has placed the most
stringent solar-system limits on these coefficients using
decades of data from lunar laser ranging [14]. It would be of
definite interest to try to add the modifications for the Kjklm

combinations of the q coefficients into this code and
perform a combined fit with the s̄μν coefficients. As the
table indicates, there is likely to be significant correlation of
the Kjklm coefficients with the s̄μν coefficients. Though it
appears to represent a challenge to disentangle them, a full

TABLE I. Dominant range oscillation frequencies and ampli-
tudes for the lunar and satellite laser ranging scenario. We include
mass dimension 4 coefficients s̄μν and the CPT-violating mass
dimension 5 coefficients Kjklm. The coefficients are projected
onto an orbital plane basis.

Frequency s̄μν Amplitude Kjklm Amplitude

A2ω ! 1
12 r0#s̄11 ! s̄22$ 1

4 v0#6K#12$33 ! 3K1112 " K1222$
B2ω ! 1

6 r0s̄12 ! 3
4 v0#K1122 " K1133 ! K2233$

A2ω!ω0 ! ωer0#s̄11!s̄22$
16#ω!ω0$

0

B2ω!ω0 ! ωer0 s̄12
8#ω!ω0$

0

Aω
ωv0r0 s̄02
#ω!ω0$

0

Bω ! ωv0r0 s̄01
#ω!ω0$

0
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Some numbers: 

 r0≈3.7e5 km 

 typical Newtonian perturbation is HUGE~21000 km  



•  Example: One primary oscillation, from Lorentz violation, is at 
twice the orbital frequency 

Lorentz-violating 
background 

unmodified orbit 



•  Initial post-fit analysis by Battat et al using 35+ years 

Battat et al, Phys Rev Lett 2007 



•  SYRTE group at Paris Observatory 

->At parts in 100 million, GR holds! 

Lunar laser ranging 

•  Ideal analysis would insert SME equations of motion into the lunar 
ephemeris code 

“...uncertainties obtained by a postfit analysis based on a GR data 
reduction can be underestimated by up to 2 orders of magnitude...” 

Bourgoin et al, Phys Rev Lett 2016 (Paris) 

“In order to analyze LLR data in the SME framework, we have built a new 
numerical lunar ephemeris, éphéméride lunaire Parisienne numérique 
(ELPN), which computes numerically orbital and rotational motion of the 
Moon.” 

•  45+ years of data, 
results: 



P a 
Q 

ω 
Line of nodes 

Periastron  

•  Secular changes in longitude of ascending node Ω, periastron ω 

Effects on a binary system 



Planetary ephemeris tests 
•  Idea: use “residuals” from planetary ephemeris to constrain the 

coefficients for Lorentz violation 

A. Fienga et al., Celest. Mech. Dyn. Astron. 11 (Paris Observatory), A. Hees et al. PRD 15 

iStockphoto.com/rwarnick 



•  Combine Planetary ephemeris with other tests 

•  Can compare to “benchmark” estimate: 
coefficient size ~ mass of particle2/Planck mass 

e.g., neutron     ~  mn
2 / 1019 GeV ≈ 10-19 GeV 

e.g., electron     ~ me=5x10-3 GeV 

naµ

e
Za

•  With gravity couplings coefficients could be quite large 
(“countershading”) 

Hees et al PRD 15, Kostelecký & Tasson, PRL 2009, PRD 11 



•  Different BP systems offer independent sensitivities 
orbit orientation (e.g.,                       ) 

Pulsar tests 

•  Recent constraints  (Shao PRL 14, PRD 14) 

•  Binary pulsar (BP) systems (pulsar with companion) 
 measure pulse timing      orbital perturbations  

•  Single pulsar systems 

 measure pulse timing       spin precession 

L Shao PRL 14, PRD 14 

assumptions, Bailey and Kosteleck! found that nine com-
ponents of a trace-free matrix s̄μν, which are the (rescaled)
vacuum expectation values of sμν, describe dominant
observable effects; see Ref. [13] for details.
Coordinate systems.—The tensorial background s̄μν is

observer LI, while particle LV. Therefore, to probe the
magnitudes of s̄μν, one should explicitly point out the
observer coordinate system in use. In the context of post-
Newtonian gravity of SME, the standard frame is an
asymptotically inertial frame (T, X̂, Ŷ, Ẑ) that is comoving
with the Solar System [13] (see Fig. 1). For a pulsar binary,
the most convenient frame (t, â, b̂, ĉ) is defined by the orbit
(see Fig. 2). To relate two frames, in general, a Lorentz
transformation is required [13]. It consists of a spatial
rotation R to align (â, b̂, ĉ) and (X̂, Ŷ, Ẑ) and a boost
characterized by the relative velocity of the pulsar system
with respect to the Solar System. Typically, its magnitude
equals O!102 km=s", which implies a boost of O!10−3"
that is neglected here. We are left with a pure spatial
rotation R. It can be obtained with the help of an
intermediate coordinate system (Î, Ĵ, K̂) (see Figs. 1
and 2). It involves five simple steps to transform from
(â, b̂, ĉ) to (X̂, Ŷ, Ẑ) characterized by α (right ascension), δ
(declination), Ω (longitude of ascending node), i (orbital
inclination), and ω (longitude of periastron). The full
rotation R # R!ω"R!i"R!Ω"R!δ"R!α" [26]. The transforma-
tions of s̄μν are s̄tt≐ s̄TT , s̄AB≐RA

xRB
y s̄xy, and s̄tA≐RA

x s̄Tx,
where A; B # a, b, c and x; y # X, Y, Z.
Spin precession of solitary pulsars.—Following the

derivations in Ref. [27], one gets an extra precession
Ωprec for an isolated spinning body in internal equilibrium
[13]. The precession rate is Ωprec

k # πs̄jkŜj=P, where P is

the spin period and Ŝ is the unit vector pointing along the
spin direction. Because of their small spin periods, milli-
second pulsars are ideal objects to probe such a precession
[27,28]. We follow the methodology in Ref. [28] to relate
the precession with observables in pulse profile. The
precession will manifest itself in terms of a change in
the angle λ, which is defined to be the angle between K̂
and Ŝ (see Fig. 2). Purely from geometry, one has
λ
:
# ê · Ωprec # πs̄jkŜjêk=P [28], where the unit vector

ê≡ K̂ " Ŝ=jK̂ " Ŝj gives the line of nodes associated with
the intersection of the equatorial plane of the pulsar and the
sky plane. Further, we introduce a simple pulsar emission
model, the cone model [29], to relate the change in λwith the
change in pulse width. Details can be found in Refs. [26,28].
Notice that ê⊥ Ŝ by definition; therefore, we are insensitive
to s̄TT# s̄XX$s̄YY$s̄ZZ with solitary pulsars.
Orbital dynamics of binary pulsars.—In the presence of

LV effects, the orbital dynamics of a binary is modified
[13]. By using the technique of osculating elements, Bailey
and Kosteleck! calculated secular changes for orbital
elements [13,26]. We here give an equivalent, but more
compact, vectorial form for e≡ eâ and l≡

!!!!!!!!!!!!!
1 − e2

p
ĉ

[30,31] after averaging over an orbit

"
de
dt

#
# eω

:
Rb̂ − nbeFe

"
$
Fe

!!!!!!!!!!!!!
1 − e2

p
s̄abâ − Fe

s̄aa − s̄bb

2
b̂$ s̄bcĉ

%

$ 2δXVOnbFe

"
$ !!!!!!!!!!!!!

1 − e2
p

s̄0aâ$ s̄0bb̂ − e2!!!!!!!!!!!!!
1 − e2

p s̄0cĉ
%
;

(2)

FIG. 1 (color online). The canonical spatial reference frame for
SME is the Sun-centered celestial-equatorial frame (X̂, Ŷ, Ẑ)
with X̂ pointing from Earth to the Sun at the vernal equinox, Ẑ
along the rotating axis of Earth, and Ŷ ≡ Ẑ " X̂ [10]. The frame
(Î, Ĵ, K̂) is comoving with the pulsar system, with K̂ pointing
along the line of sight to the pulsar, while (Î, Ĵ) constitutes the
sky plane with Î to the east and Ĵ to the north [25]. Besides a
boost of O!10−3", these two frames are related by matrices R!α"

and R!δ" [26]. (Î, Ĵ, K̂) is denoted as (~e1, ~e2, ~e3) in Ref. [13].

FIG. 2 (color online). The spatial frame (â, b̂, ĉ) is centered at
the pulsar system with â pointing from the center of mass to the
periastron, ĉ along the orbital angular momentum, and
b̂≡ ĉ " â. It is related to the (Î, Ĵ, K̂) frame through rotation
matrices R!Ω", R!i", and R!ω" [26]. The spin direction Ŝ has a
polar angle λ and an azimuthal angle η (not shown) in the (Î, Ĵ,
K̂) frame. (â, b̂, ĉ) is denoted as (~P, ~Q, ~k) in Ref. [13].
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Table 2
Constraints on coe!cients for Lorentz violation.

d j Coe!cient Constraint

5 0 |k(5)
(V )00| < 6 ! 10"14 m

5 1 |k(5)
(V )10| < 4 ! 10"14 m

|k(5)
(V )11| < 1 ! 10"13 m

5 2 |k(5)
(V )20| < 3 ! 10"14 m

|k(5)
(V )21| < 7 ! 10"14 m

|k(5)
(V )22| < 4 ! 10"13 m

5 3 |k(5)
(V )30| < 3 ! 10"14 m

|k(5)
(V )31| < 4 ! 10"14 m

|k(5)
(V )32| < 2 ! 10"13 m

|k(5)
(V )33| < 1 ! 10"12 m

6 4 |k(6)
(E)40|, |k(6)

(B)40| < 1 ! 10"6 m2

|k(6)
(E)41|, |k(6)

(B)41| < 3 ! 10"7 m2

|k(6)
(E)42|, |k(6)

(B)42| < 6 ! 10"8 m2

|k(6)
(E)43|, |k(6)

(B)43| < 2 ! 10"8 m2

|k(6)
(E)44|, |k(6)

(B)44| < 1 ! 10"8 m2

the action leaves unaffected Newton’s law [24]. This fact under-
scores the added value of the discovery of gravitational waves in 
the context of studies of the foundations of relativistic gravity. The 
result (10) represents the first bound on all birefringent coe!-
cients at d = 6 and is competitive with existing laboratory bounds 
[25–27].

Some insight into the implications of these bounds can be 
gained by deriving from them the constraint on each individual co-
e!cient in turn, under the assumption that the other components 
vanish. The resulting estimated bounds on the modulus of each 
component of k(5)

(V ) jm , k(6)
(E) jm , and k(6)

(B) jm obtained for ! # 160$ , 
" # 120$ are displayed in Table 2. Note that each entry thereby 
also represents constraints on the moduli of the real and imaginary 
parts of each component. This standard practice [3] is useful in 
comparing limits across different experiments and in constraining 
specific models. For example, models with rotation-invariant gravi-
tational Lorentz violation [46,47] can involve at most the spherical 
coe!cients k(d)

(I) jm and k(d)
(V ) jm with jm = 00, for which it is con-

venient to define k̊(d)
(I) % k(d)

(I)00/
&

4# and k̊(d)
(V ) % k(d)

(V )00/
&

4# . The 
rotation-invariant limit of the dispersion relation (5) then takes the 
form

$ =
!
1 " k̊(4)

(I)

"
|p| ± k̊(5)

(V )$
2

" k̊(6)
(I)$

3 ± k̊(7)
(V )$

4 " k̊(8)
(I)$

5 ± . . . , (11)

and the first row of Table 2 constrains k̊(5)
(V ) . Note that the ± signs 

reflect the presence of birefringence and CPT violation for even 
powers of $, and they are required to describe physics associated 
with an effective field theory [48]. Also, the isotropic frequency-
independent change in the speed of gravitational waves is gov-
erned by k̊(4)

(I) , which is related by s(4)
00 % "2k(4)

(I)00 = "
&

16# k̊(4)
(I)

to the coe!cient s(4)
00 constrained in Ref. [36].

In principle, methods related to the one adopted here could 
be used to obtain estimated constraints on other coe!cients with 
d > 5, which are all associated with dispersive operators. The ap-
proach used above can be applied directly to k(d)

(E) jm , k(d)
(B) jm , and 

k(d)
(V ) jm , as these always control birefringent operators. For exam-

ple, it yields the approximate bounds |k(7)
(V ) jm| '< 1 ! 10"2 m3. In 

contrast, no birefringence occurs for k(d)
(I) jm , so a dispersive analy-

sis for this type of Lorentz violation requires a somewhat different 
approach. One option might be to reverse-propagate the observed 
signal to the source while allowing for the presence of frequency-
dependent Lorentz violation, comparing the result to waveform 
templates for black-hole coalescence to extract constraints. The 
resulting limits on the coe!cients k(d)

(I) jm for d = 6, 8 would be sig-
nificantly weaker than ones already deduced from the absence of 
gravitational Čerenkov radiation in cosmic rays [36]. Related tech-
niques are applicable to searches for a graviton mass and other 
nonbirefringent physics [49]. Note that dispersion limits of the 
type discussed here are particularly clean because they involve 
comparing the properties of two gravitational modes and hence lie 
entirely within the pure-gravity sector, whereas bounds from grav-
itational Čerenkov radiation involve comparative tests between the 
gravity and matter sectors. Indeed, gravitational Čerenkov radiation 
may even be forbidden for certain relative sizes of the coe!cients 
for Lorentz violation for gravity and matter, which would obviate 
any bounds obtained via this technique. We also note in passing 
that the results in Ref. [36] are presented as limits on components 
of ŝµ%

µ% , but the analysis in fact bounds &0 and hence k(d)
(I) jm , 

which contains pieces of both ŝµ%
µ% and k̂µ%

µ% .
In summary, this work uses the recent event GW150914 to con-

strain dispersive and birefringent effects associated with Lorentz 
violation in gravitational waves. The future detection of additional 
gravitational-wave events will yield direct improvements on the 
limits obtained in this work. Moreover, the use of dispersion in-
formation from multiple astrophysical sources at different sky lo-
cations permits extraction of independent constraints on different 
coe!cients, as has already been demonstrated for nonminimal co-
e!cients in the photon and neutrino sectors of the SME [50,51]. 
Improved sensitivities can also be expected for gravitational waves 
of higher frequency, as might be emitted in a supernova core 
collapse. The prospects are evidently bright for future studies of 
foundational physical principles via measurements of gravitational-
wave properties.
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Table 2
Constraints on coe!cients for Lorentz violation.

d j Coe!cient Constraint

5 0 |k(5)
(V )00| < 6 ! 10"14 m

5 1 |k(5)
(V )10| < 4 ! 10"14 m

|k(5)
(V )11| < 1 ! 10"13 m

5 2 |k(5)
(V )20| < 3 ! 10"14 m

|k(5)
(V )21| < 7 ! 10"14 m

|k(5)
(V )22| < 4 ! 10"13 m

5 3 |k(5)
(V )30| < 3 ! 10"14 m

|k(5)
(V )31| < 4 ! 10"14 m

|k(5)
(V )32| < 2 ! 10"13 m

|k(5)
(V )33| < 1 ! 10"12 m

6 4 |k(6)
(E)40|, |k(6)

(B)40| < 1 ! 10"6 m2

|k(6)
(E)41|, |k(6)

(B)41| < 3 ! 10"7 m2

|k(6)
(E)42|, |k(6)

(B)42| < 6 ! 10"8 m2

|k(6)
(E)43|, |k(6)

(B)43| < 2 ! 10"8 m2

|k(6)
(E)44|, |k(6)

(B)44| < 1 ! 10"8 m2

the action leaves unaffected Newton’s law [24]. This fact under-
scores the added value of the discovery of gravitational waves in 
the context of studies of the foundations of relativistic gravity. The 
result (10) represents the first bound on all birefringent coe!-
cients at d = 6 and is competitive with existing laboratory bounds 
[25–27].

Some insight into the implications of these bounds can be 
gained by deriving from them the constraint on each individual co-
e!cient in turn, under the assumption that the other components 
vanish. The resulting estimated bounds on the modulus of each 
component of k(5)

(V ) jm , k(6)
(E) jm , and k(6)

(B) jm obtained for ! # 160$ , 
" # 120$ are displayed in Table 2. Note that each entry thereby 
also represents constraints on the moduli of the real and imaginary 
parts of each component. This standard practice [3] is useful in 
comparing limits across different experiments and in constraining 
specific models. For example, models with rotation-invariant gravi-
tational Lorentz violation [46,47] can involve at most the spherical 
coe!cients k(d)

(I) jm and k(d)
(V ) jm with jm = 00, for which it is con-

venient to define k̊(d)
(I) % k(d)

(I)00/
&

4# and k̊(d)
(V ) % k(d)

(V )00/
&

4# . The 
rotation-invariant limit of the dispersion relation (5) then takes the 
form

$ =
!
1 " k̊(4)

(I)

"
|p| ± k̊(5)

(V )$
2

" k̊(6)
(I)$

3 ± k̊(7)
(V )$

4 " k̊(8)
(I)$

5 ± . . . , (11)

and the first row of Table 2 constrains k̊(5)
(V ) . Note that the ± signs 

reflect the presence of birefringence and CPT violation for even 
powers of $, and they are required to describe physics associated 
with an effective field theory [48]. Also, the isotropic frequency-
independent change in the speed of gravitational waves is gov-
erned by k̊(4)

(I) , which is related by s(4)
00 % "2k(4)

(I)00 = "
&

16# k̊(4)
(I)

to the coe!cient s(4)
00 constrained in Ref. [36].

In principle, methods related to the one adopted here could 
be used to obtain estimated constraints on other coe!cients with 
d > 5, which are all associated with dispersive operators. The ap-
proach used above can be applied directly to k(d)

(E) jm , k(d)
(B) jm , and 

k(d)
(V ) jm , as these always control birefringent operators. For exam-

ple, it yields the approximate bounds |k(7)
(V ) jm| '< 1 ! 10"2 m3. In 

contrast, no birefringence occurs for k(d)
(I) jm , so a dispersive analy-

sis for this type of Lorentz violation requires a somewhat different 
approach. One option might be to reverse-propagate the observed 
signal to the source while allowing for the presence of frequency-
dependent Lorentz violation, comparing the result to waveform 
templates for black-hole coalescence to extract constraints. The 
resulting limits on the coe!cients k(d)

(I) jm for d = 6, 8 would be sig-
nificantly weaker than ones already deduced from the absence of 
gravitational Čerenkov radiation in cosmic rays [36]. Related tech-
niques are applicable to searches for a graviton mass and other 
nonbirefringent physics [49]. Note that dispersion limits of the 
type discussed here are particularly clean because they involve 
comparing the properties of two gravitational modes and hence lie 
entirely within the pure-gravity sector, whereas bounds from grav-
itational Čerenkov radiation involve comparative tests between the 
gravity and matter sectors. Indeed, gravitational Čerenkov radiation 
may even be forbidden for certain relative sizes of the coe!cients 
for Lorentz violation for gravity and matter, which would obviate 
any bounds obtained via this technique. We also note in passing 
that the results in Ref. [36] are presented as limits on components 
of ŝµ%

µ% , but the analysis in fact bounds &0 and hence k(d)
(I) jm , 

which contains pieces of both ŝµ%
µ% and k̂µ%

µ% .
In summary, this work uses the recent event GW150914 to con-

strain dispersive and birefringent effects associated with Lorentz 
violation in gravitational waves. The future detection of additional 
gravitational-wave events will yield direct improvements on the 
limits obtained in this work. Moreover, the use of dispersion in-
formation from multiple astrophysical sources at different sky lo-
cations permits extraction of independent constraints on different 
coe!cients, as has already been demonstrated for nonminimal co-
e!cients in the photon and neutrino sectors of the SME [50,51]. 
Improved sensitivities can also be expected for gravitational waves 
of higher frequency, as might be emitted in a supernova core 
collapse. The prospects are evidently bright for future studies of 
foundational physical principles via measurements of gravitational-
wave properties.
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Table 2
Constraints on coe!cients for Lorentz violation.

d j Coe!cient Constraint

5 0 |k(5)
(V )00| < 6 ! 10"14 m

5 1 |k(5)
(V )10| < 4 ! 10"14 m

|k(5)
(V )11| < 1 ! 10"13 m

5 2 |k(5)
(V )20| < 3 ! 10"14 m

|k(5)
(V )21| < 7 ! 10"14 m

|k(5)
(V )22| < 4 ! 10"13 m

5 3 |k(5)
(V )30| < 3 ! 10"14 m

|k(5)
(V )31| < 4 ! 10"14 m

|k(5)
(V )32| < 2 ! 10"13 m

|k(5)
(V )33| < 1 ! 10"12 m

6 4 |k(6)
(E)40|, |k(6)

(B)40| < 1 ! 10"6 m2

|k(6)
(E)41|, |k(6)

(B)41| < 3 ! 10"7 m2

|k(6)
(E)42|, |k(6)

(B)42| < 6 ! 10"8 m2

|k(6)
(E)43|, |k(6)

(B)43| < 2 ! 10"8 m2

|k(6)
(E)44|, |k(6)

(B)44| < 1 ! 10"8 m2

the action leaves unaffected Newton’s law [24]. This fact under-
scores the added value of the discovery of gravitational waves in 
the context of studies of the foundations of relativistic gravity. The 
result (10) represents the first bound on all birefringent coe!-
cients at d = 6 and is competitive with existing laboratory bounds 
[25–27].

Some insight into the implications of these bounds can be 
gained by deriving from them the constraint on each individual co-
e!cient in turn, under the assumption that the other components 
vanish. The resulting estimated bounds on the modulus of each 
component of k(5)

(V ) jm , k(6)
(E) jm , and k(6)

(B) jm obtained for ! # 160$ , 
" # 120$ are displayed in Table 2. Note that each entry thereby 
also represents constraints on the moduli of the real and imaginary 
parts of each component. This standard practice [3] is useful in 
comparing limits across different experiments and in constraining 
specific models. For example, models with rotation-invariant gravi-
tational Lorentz violation [46,47] can involve at most the spherical 
coe!cients k(d)

(I) jm and k(d)
(V ) jm with jm = 00, for which it is con-

venient to define k̊(d)
(I) % k(d)

(I)00/
&

4# and k̊(d)
(V ) % k(d)

(V )00/
&

4# . The 
rotation-invariant limit of the dispersion relation (5) then takes the 
form

$ =
!
1 " k̊(4)

(I)

"
|p| ± k̊(5)

(V )$
2

" k̊(6)
(I)$

3 ± k̊(7)
(V )$

4 " k̊(8)
(I)$

5 ± . . . , (11)

and the first row of Table 2 constrains k̊(5)
(V ) . Note that the ± signs 

reflect the presence of birefringence and CPT violation for even 
powers of $, and they are required to describe physics associated 
with an effective field theory [48]. Also, the isotropic frequency-
independent change in the speed of gravitational waves is gov-
erned by k̊(4)

(I) , which is related by s(4)
00 % "2k(4)

(I)00 = "
&

16# k̊(4)
(I)

to the coe!cient s(4)
00 constrained in Ref. [36].

In principle, methods related to the one adopted here could 
be used to obtain estimated constraints on other coe!cients with 
d > 5, which are all associated with dispersive operators. The ap-
proach used above can be applied directly to k(d)

(E) jm , k(d)
(B) jm , and 

k(d)
(V ) jm , as these always control birefringent operators. For exam-

ple, it yields the approximate bounds |k(7)
(V ) jm| '< 1 ! 10"2 m3. In 

contrast, no birefringence occurs for k(d)
(I) jm , so a dispersive analy-

sis for this type of Lorentz violation requires a somewhat different 
approach. One option might be to reverse-propagate the observed 
signal to the source while allowing for the presence of frequency-
dependent Lorentz violation, comparing the result to waveform 
templates for black-hole coalescence to extract constraints. The 
resulting limits on the coe!cients k(d)

(I) jm for d = 6, 8 would be sig-
nificantly weaker than ones already deduced from the absence of 
gravitational Čerenkov radiation in cosmic rays [36]. Related tech-
niques are applicable to searches for a graviton mass and other 
nonbirefringent physics [49]. Note that dispersion limits of the 
type discussed here are particularly clean because they involve 
comparing the properties of two gravitational modes and hence lie 
entirely within the pure-gravity sector, whereas bounds from grav-
itational Čerenkov radiation involve comparative tests between the 
gravity and matter sectors. Indeed, gravitational Čerenkov radiation 
may even be forbidden for certain relative sizes of the coe!cients 
for Lorentz violation for gravity and matter, which would obviate 
any bounds obtained via this technique. We also note in passing 
that the results in Ref. [36] are presented as limits on components 
of ŝµ%

µ% , but the analysis in fact bounds &0 and hence k(d)
(I) jm , 

which contains pieces of both ŝµ%
µ% and k̂µ%

µ% .
In summary, this work uses the recent event GW150914 to con-

strain dispersive and birefringent effects associated with Lorentz 
violation in gravitational waves. The future detection of additional 
gravitational-wave events will yield direct improvements on the 
limits obtained in this work. Moreover, the use of dispersion in-
formation from multiple astrophysical sources at different sky lo-
cations permits extraction of independent constraints on different 
coe!cients, as has already been demonstrated for nonminimal co-
e!cients in the photon and neutrino sectors of the SME [50,51]. 
Improved sensitivities can also be expected for gravitational waves 
of higher frequency, as might be emitted in a supernova core 
collapse. The prospects are evidently bright for future studies of 
foundational physical principles via measurements of gravitational-
wave properties.
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Table 2
Constraints on coe!cients for Lorentz violation.

d j Coe!cient Constraint

5 0 |k(5)
(V )00| < 6 ! 10"14 m

5 1 |k(5)
(V )10| < 4 ! 10"14 m

|k(5)
(V )11| < 1 ! 10"13 m

5 2 |k(5)
(V )20| < 3 ! 10"14 m

|k(5)
(V )21| < 7 ! 10"14 m

|k(5)
(V )22| < 4 ! 10"13 m

5 3 |k(5)
(V )30| < 3 ! 10"14 m
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|k(5)
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(B)41| < 3 ! 10"7 m2

|k(6)
(E)42|, |k(6)
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the action leaves unaffected Newton’s law [24]. This fact under-
scores the added value of the discovery of gravitational waves in 
the context of studies of the foundations of relativistic gravity. The 
result (10) represents the first bound on all birefringent coe!-
cients at d = 6 and is competitive with existing laboratory bounds 
[25–27].

Some insight into the implications of these bounds can be 
gained by deriving from them the constraint on each individual co-
e!cient in turn, under the assumption that the other components 
vanish. The resulting estimated bounds on the modulus of each 
component of k(5)

(V ) jm , k(6)
(E) jm , and k(6)

(B) jm obtained for ! # 160$ , 
" # 120$ are displayed in Table 2. Note that each entry thereby 
also represents constraints on the moduli of the real and imaginary 
parts of each component. This standard practice [3] is useful in 
comparing limits across different experiments and in constraining 
specific models. For example, models with rotation-invariant gravi-
tational Lorentz violation [46,47] can involve at most the spherical 
coe!cients k(d)

(I) jm and k(d)
(V ) jm with jm = 00, for which it is con-

venient to define k̊(d)
(I) % k(d)

(I)00/
&

4# and k̊(d)
(V ) % k(d)

(V )00/
&

4# . The 
rotation-invariant limit of the dispersion relation (5) then takes the 
form

$ =
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1 " k̊(4)

(I)
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|p| ± k̊(5)

(V )$
2

" k̊(6)
(I)$

3 ± k̊(7)
(V )$

4 " k̊(8)
(I)$

5 ± . . . , (11)

and the first row of Table 2 constrains k̊(5)
(V ) . Note that the ± signs 

reflect the presence of birefringence and CPT violation for even 
powers of $, and they are required to describe physics associated 
with an effective field theory [48]. Also, the isotropic frequency-
independent change in the speed of gravitational waves is gov-
erned by k̊(4)

(I) , which is related by s(4)
00 % "2k(4)

(I)00 = "
&

16# k̊(4)
(I)

to the coe!cient s(4)
00 constrained in Ref. [36].

In principle, methods related to the one adopted here could 
be used to obtain estimated constraints on other coe!cients with 
d > 5, which are all associated with dispersive operators. The ap-
proach used above can be applied directly to k(d)

(E) jm , k(d)
(B) jm , and 

k(d)
(V ) jm , as these always control birefringent operators. For exam-

ple, it yields the approximate bounds |k(7)
(V ) jm| '< 1 ! 10"2 m3. In 

contrast, no birefringence occurs for k(d)
(I) jm , so a dispersive analy-

sis for this type of Lorentz violation requires a somewhat different 
approach. One option might be to reverse-propagate the observed 
signal to the source while allowing for the presence of frequency-
dependent Lorentz violation, comparing the result to waveform 
templates for black-hole coalescence to extract constraints. The 
resulting limits on the coe!cients k(d)

(I) jm for d = 6, 8 would be sig-
nificantly weaker than ones already deduced from the absence of 
gravitational Čerenkov radiation in cosmic rays [36]. Related tech-
niques are applicable to searches for a graviton mass and other 
nonbirefringent physics [49]. Note that dispersion limits of the 
type discussed here are particularly clean because they involve 
comparing the properties of two gravitational modes and hence lie 
entirely within the pure-gravity sector, whereas bounds from grav-
itational Čerenkov radiation involve comparative tests between the 
gravity and matter sectors. Indeed, gravitational Čerenkov radiation 
may even be forbidden for certain relative sizes of the coe!cients 
for Lorentz violation for gravity and matter, which would obviate 
any bounds obtained via this technique. We also note in passing 
that the results in Ref. [36] are presented as limits on components 
of ŝµ%

µ% , but the analysis in fact bounds &0 and hence k(d)
(I) jm , 

which contains pieces of both ŝµ%
µ% and k̂µ%

µ% .
In summary, this work uses the recent event GW150914 to con-

strain dispersive and birefringent effects associated with Lorentz 
violation in gravitational waves. The future detection of additional 
gravitational-wave events will yield direct improvements on the 
limits obtained in this work. Moreover, the use of dispersion in-
formation from multiple astrophysical sources at different sky lo-
cations permits extraction of independent constraints on different 
coe!cients, as has already been demonstrated for nonminimal co-
e!cients in the photon and neutrino sectors of the SME [50,51]. 
Improved sensitivities can also be expected for gravitational waves 
of higher frequency, as might be emitted in a supernova core 
collapse. The prospects are evidently bright for future studies of 
foundational physical principles via measurements of gravitational-
wave properties.
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•  Speed of gravity is controlled by  

•  Independent constraints exist from other tests: 

VLBI ~ 10-5 

GPB ~ 10-3 

Pulsars ~ 10-5 

Cosmic Rays (one sided) ~ 10-14 

->limit on speed of gravity from GW150914 is poor compared to other 
tests! 

(BNS is different story...Stay tuned for Jay Tasson’s talk) 

Le Poncin-Lafitte et al, PRD 16, Bailey et al PRD 13, Shao PRD 15, KT PLB 15, KM PLB 16  
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Table S5. Maximal two-sided sensitivities for the gravity sector

d = 3 Coe!cient Electron Proton Neutron

!aT 10!11 GeV 10!11 GeV 10!11 GeV

!aX 10!6 GeV 10!6 GeV 10!5 GeV

!aY 10!5 GeV 10!5 GeV 10!5 GeV

!aZ 10!5 GeV 10!5 GeV 10!5 GeV

d = 4 Coe!cient Electron Proton Neutron

!eT 10!8 10!11 10!11

!eX 10!3 10!6 10!5

!eY 10!2 10!5 10!5

!eZ 10!2 10!5 10!5

Coe!cient Sensitivity

sXY 10!11

sXZ 10!11

sY Z 10!11

sXX ! sY Y 10!10

sXX + sY Y ! 2sZZ 10!10

sTT 10!5

sTX 10!9

sTY 10!8

sTZ 10!8

•  Maximal sensitivity (which is ?) 

Kostelecky and Russell, Data Tables, 2018 version 
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Table D38. Gravity sector, d = 4 (part 1 of 3)

Combination Result System Ref.

s(4)00 (!20 to 5)" 10!15 Gravitational waves [254]

s(4)10 (!30 to 7)" 10!15 ” [254]

Re s(4)11 (!2 to 10)" 10!15 ” [254]

Im s(4)11 (!30 to 7)" 10!15 ” [254]

s(4)20 (!8 to 40)" 10!15 ” [254]

Re s(4)21 (!2 to 10)" 10!15 ” [254]

Im s(4)21 (!40 to 8)" 10!15 ” [254]

Re s(4)22 (!10 to 3)" 10!15 ” [254]

Im s(4)22 (!4 to 20)" 10!15 ” [254]

s(4)00 > !3" 10!14 Cosmic rays [21]*

s(4)10 (!10 to 7)" 10!14 ” [21]*

Re s(4)11 (!8 to 8)" 10!14 ” [21]*

Im s(4)11 (!7 to 9)" 10!14 ” [21]*

s(4)20 (!7 to 10)" 10!14 ” [21]*

Re s(4)21 (!7 to 7)" 10!14 ” [21]*

Im s(4)21 (!5 to 8)" 10!14 ” [21]*

Re s(4)22 (!6 to 8)" 10!14 ” [21]*

Im s(4)22 (!7 to 7)" 10!14 ” [21]*

sXX ! sY Y (!0.9± 2.4)" 10!9 Gravimetry [255]

sXY (!1.1± 1.2)" 10!9 ” [255]

sXZ (!0.3± 1.8)" 10!10 ” [255]

sY Z (!0.2± 1.8)" 10!10 ” [255]

sXY (!0.5± 3.6)" 10!12 Lunar laser ranging [256]*

sY Z (2.1± 3.0)" 10!12 ” [256]*

sXX ! sY Y (0.2± 1.1)" 10!11 ” [256]*

0.35sXX + 0.35sY Y ! 0.70sZZ ! 0.94sY Z (3.0± 3.1)" 10!12 ” [256]*

!0.62sTX + 0.78!(ae+p
e! )X + 0.79!(ane!)

X (!1.4± 1.7)" 10!8 ” [256]*

0.93sTY + 0.34sTZ ! 0.10!(ae+p
e! )Y ! 0.10!(ane!)

Y (!6.6± 9.4)" 10!9 ” [256]*

!0.044!(ae+p
e! )Z ! 0.044!(ane!)

Z

sXX ! sY Y (2 ± 1)" 10!10 Gravimetry [102]*

sXY (!4± 1)" 10!10 ” [102]*

sXZ (0 ± 1)" 10!10 ” [102]*

sY Z (3 ± 1)" 10!10 ” [102]*

sTX (3± 3)" 10!7 ” [102]*

sTY (6± 3)" 10!7 ” [102]*

sTZ (1± 1)" 10!6 ” [102]*

sTT (!4.6± 7.7)" 10!5 Combined [257]*

sXX ! sY Y (!0.8± 2.0)" 10!11 ” [257]*

sXX + sY Y ! 2sZZ (0.6± 2.5)" 10!11 ” [257]*

sXY (!1.6± 6.5)" 10!12 ” [257]*

sXZ (!0.8± 3.9)" 10!12 ” [257]*

sY Z (1.8± 3.4)" 10!12 ” [257]*

sTX (!0.2± 1.3)" 10!9 ” [257]*

sTY (0.6± 2.3)" 10!9 ” [257]*

sTZ (!0.8± 5.5)" 10!9 ” [257]*

•  Question why not 10-15 in the maximal sensitivities? 

•  A: there is really on only one limit from BNS signal and Cosmic 
ray is a theorist limit  

State of the art for “sbar” 



Questions? 


