
Gravitational Čerenkov Notes

These notes were presented at the IUCSS Summer School on the Lorentz- and CPT-violating
Standard-Model Extension. They are based Ref. [1]. There are no new results here, and the
presentation was intended to provide a pedagogical overview of the work. For a complementary
pedagogical presentation on additional aspects of Čerenkov radiation in Lorentz violating theories,
see the Summer School lecture by Marco Schreck.

Gravity Basics
Recall the tensors of gravity in Riemann spacetime.

Riemann Rµναβ

Ricci Rµα = gνβRµναβ

Scalar R = gµαRµα

Recall the Einstein Eqns.

Gµν = Rµν − 1
2
gµνR. (1)

Here Gµν is the Einstein tensor, which (in 4 dimensions) is the trace-reversed Ricci. If you’re new
to the idea of trace-reverse, note that R is the trace of Rµν , while the trace of Gµν is −R as follows

gµνGµν = R− 1
2
gµνgµνR (2)

= R− 1
2
4R (3)

= −R. (4)

Since gµν is the inverse of gµν , g
µνgνα = δµα, the 4× 4 identity, which when traced is 4.

In this talk we’ll be working with the trace reversed Einstein equations in a vacuum, where we
have

Rµν = 0. (5)

Note that this does not imply all gravitational effects are zero, just as ~∇ · ~E = 0, does not imply
zero electric field.

Gravitational wave solutions with Lorentz violation
With Lorentz violation (LV) in the gravity sector we can write the modified trace reversed Ein-
stein equation as follows based on Ref. [2] extended to include higher mass-dimension sµν-like
coefficients. Sticking to this class of coefficients as developed in Ref. [3] permits a straight forward
extension by adding a hat to the results of [2]

Rµν = 1
2
ηµν ŝ

αβRαβ − 2ŝα(µRαν) + 1
2
ŝµνR + ŝαβRαµνβ. (6)

At zeroth order in LV we have
R(0)
µν = 0, (7)

which implies the following for the modified Einstein equation at first order

R(1)
µν = 1

2
ηµν ŝ

αβ
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R(0) + ŝαβR
(0)
αµνβ. (8)

This can now be written in compact form as follows

(ηαβ + ŝαβ)Rµανβ = 0 (9)



where keeping terms to up to and including first order in LV in each term is understood.
The operator ŝµν can be expanded as follows in terms of coefficients for Lorentz violation at

each mass dimension d

ŝµν ≡
∑
d

(s(d))µν
α1...αd−4∂α1 . . . ∂αd−4

, (10)

where d is even and greater than or equal to 4. Contact can then be made with the operator
structures used in the construction of the general linearized gravity theory [3] via

ŝµρνσ = −εµρακενσβλŝκλ∂α∂β (11)

where ŝµρνσ is the natural operator introduced in that work.

In what follows we linearize in the metric fluctuation hµν about a flat Minkowski background,
where the metric fluctuation is defined via gµ = ηµν + hµν . We impose the following modified
Hilbert gauge condition

∂α(ηαβ + sαβ)hβµ = 1
2
∂µhαβ(ηαβ + sαβ), (12)

and the traceless condition (ηαβ + ŝαβ)hαβ = 0. With this choice and the usual ansatz

hµν = Aµνe
ilαxα (13)

the linearized modified Einstein equation reduces to

(ηαβ + ŝαβ)lαlβAµν = 0. (14)

Note also the implication that ∂µ → ilµ within ŝαβ. We also use a modified transverse condition
in the same spirit as the conditions above.

For those new to this style of thinking, we can read of the dispersion relation (E2 = p2 + . . .) from
Eq. (14). The amplitude of the wave, Aµν , must not be zero or there would be no wave. Hence
the condition is

(ηαβ + ŝαβ)lαlβ = 0, (15)

which can be written in the form of (E2 = p2 + . . .) as follows

l20 = ~l2 + ŝαβlαlβ. (16)

Staring at this, we can define an effective, direction dependent index of refraction

n2 = 1− ŝαβ l̂αl̂β, (17)

where l̂α ≡ lα/l0. The group velocity ~vg can be obtained by differentiating l0 with respect to ~l,
yielding

|~vg| = 1 + 1
2

∑
d

(−1)d/2(d− 3)ld−4l̂µl̂ν l̂α1 . . . l̂αd−4
(s(d))µν

α1...αd−4 .

(18)

One can also observe that at d = 4

n =
1

vg
. (19)

In some of these relations, the realization that id−4 = (−1)d/2 for the d we work with is helpful.

The Čerenkov process
Armed with the dispersion relation we’ll now calculate the rate of graviton emission by a faster



than gravity (ftg) particle. From the standard rate equation the power loss to gravitons can be
written

dE

dt
= − 1

4p0

∫ d3k

(2π)32k0

d3l

(2π)3
|M|2(2π)4δ4(p− k − l). (20)

Here p is the 4-momentum of the incoming ftg particle, k is it’s 4-momentum after the graviton
emission, and l is the 4-momentum of the graviton.

For those new to an expression like this, you can make a bit of an analogy to an exploding particle
in classical mechanics. The basic idea is that 4-momentum conservation places limits on the
possible outcomes and hence the rate. This is imposed by the Dirac delta and is known as the
kinematics of the reaction. Just as in classical mechanics, the conservation laws place limits on
the possible, but the don’t tell you everything. For that you need the dynamics of the interaction
and that is imposed by the matrix elementM to be determined later. We then integrate over the
possible values of k and l to get the total rate.

This expression can be simplified using the dispersion relation for each particle. For the graviton
we use n2l20 = ~l2. In the paper we consider Lorentz violation in the sector of the ftg particle as

well as the possibility of a mass for this particle. For simplicity in these notes, we use k20 = ~k2

corresponding to a massless particle or a highly energetic particle matching the applications we
want to do later. With this the Dirac delta can be replaced as follows

δ4(p− k − l) = δ3(~p− ~k −~l)δ(|~p| − |~k| − |~l|
n

). (21)

Doing the integrals over ~k using the δ3 yields

dE

dt
= − 1

4p0

∫ 1

(2π)32|~p−~l|
d3l

(2π)3
|M|2(2π)4δ(|~p| − |~p−~l| − |~l|

n
). (22)

Call the argument of the Dirac delta

f(cos θ) = |~p| −
√
~p2 +~l2 − 2|~p||~l| cos θ − |~l|

n
. (23)

Integrating over l in spherical coordinates, the θ integral will impose f = 0. With this condition
enforced, θ → θc, the Čerenkov angle. The angle and the resulting image of a “wake” or Čerenkov
cone are shown below.

  

One can solve for the Čerenkov angle from f = 0, which results in

cos θC ≈ 1 + 1
2

∑
d

(−1)d/2s(d)|~l|d−4
1− |

~l|
|~p|

 . (24)



Note that when ~l → ~p, we find cos θc → 1, or θc → 0. this is consistent with the figure and the
notion that the particle can’t Čerenkov radiate away more energy than it has. Using the following
property of the Dirac delta

δ(f(cos θ)) =
δ(cos θ − cos θc)

f ′(cos θc)
(25)

=
|~p||~l|
|~p−~l|

(26)

the result can be written

dE

dt
= − 1

8|~p|2
∫ d3l

(2π)2|~l|
|M|2δ(cos θ − cos θC). (27)

To make further progress, we must address the matrix element. In [1] we consider scalars, fermions,
and photons as the ftg particles. For simplicity here, we’ll work out just the scalar case as was
done in earlier work [4]. As we point out, the only difference in the final result is a numerical
factor.

For our hypothetical real massive scalar minimally coupled to gravity the Lagrange density takes
the form

L = −1
2
egµν∂µφ∂νφ− 1

2
em2

φφ
2 +

e

2κ
R, (28)

where e =
√
|g| is the vierbein determinant, κ = 8πGN , and the Einstein Hilbert term has

been included for maximal clarity. Extraction of the Feynman rules is facilitated by the shift
hµν →

√
2κhµν along with expansion of e and gµν to leading order in hµν as done in [5]. This

results in
L = 1

2

√
2κhµν∂µφ∂νφ− 1

4

√
2κhαα∂

µφ∂µφ− 1
4

√
2κhααm

2
φφ

2 + . . . (29)

The Feynman rule for the scalar-scalar-graviton vertex is then i
√

16πGNC
φ
µν , where

Cφ
µν = −pµkν + 1

2
ηµν(p

αkα +m2
φ). (30)

The second term has no effect in practice as it generates a trace of the graviton polarization in
the matrix element and therefore vanishes for physical states. The squared matrix element for
the tree-level process takes the form

|M|2 = 16πGNC
φ
µνC

φ
αβε

µν
r ε

αβ
r (31)

= 16πGNpµkνpαkβε
µν
r ε

αβ
r (32)

where εαβr with r = +,× are the two physical graviton polarization modes contained in the matrix.
Note that k can be replaced with p− l, l is perpendicular to the transverse polarizations, and the
projection of p onto the plane of polarization is |~p| sin θc. Hence we find

|M|2 = 16πGN |~p|4 sin4 θc. (33)

Inserting the Čerenkov angle results in

|M|2 = 16πGN(s(d))2|~l|2d−8
(
|~p|4 − 2|~l||~p|3 + |~p|2|~l|2

)
. (34)

Plugging back into the integral for the power loss (27) yields

dE

dt
= −GNs

(d))2

p2

∫ p

0
dll2d−7(p4 − 2lp3 + p2l2) (35)



after using the delta to do the θ integral and obtaining a 2π from the φ integral. We’ve also
suppressed magnitudes and vector signs on momenta. Upon doing the integral, we find

dE

dt
= −Fw(d)GN(s(d))2|~p|2d−4, (36)

where Fw(d) is a numerical factor that depends on the dimension d and the species of ftg particle
w.

Our interest is in the energy loss for some ftg particle after a time of flight t. Hence we can
separate and integrate (36) yielding

t =
Fw(d)

GN(s(d))2

(
1

E2d−5
f

− 1

E2d−5
i

)
, (37)

where Fw(d) ≡ (2d − 5)/Fw(d) is another dimensionless factor, Ei is the initial energy of the
particle, and its final energy is Ef .

Cosmic Ray Estimate
We can set limits on Lorentz violation by considering the fact that very high energy cosmic rays
are observed to arrive at Earth having traveled great distances. Hence there is a limit to how
much energy they could have lost to gravitational Čerenkov radiation, which implies limits on
LV. An estimate of the level of reach for the d = 4 coefficients can be achieved as follows. In
[1] we achieve constraints consistent with this estimate based on real cosmic ray data for both
isotropic and anisotropic coefficients for Lorentz violation at d = 4, 6, 8. In [6] constraints on
d = 10 coefficients are achieved.

Consider the highest energy cosmic rays that have been observed arriving with energy 3×1011

GeV. These may be protons, or perhaps nuclei as heavy as iron. Throughout this estimate we
make a set of conservative assumptions. A conservative decision about the final energy of the
Čerenkov radiating particle results by assuming it is a parton in a nucleon of an iron nucleus. The
nucleon carries 1/56 of the energy of the nucleus and we consider a parton caring 10% of that
energy. Hence we consider Ef ≈ 5 × 108 GeV. These cosmic rays may originate ≈ 10 Mpc away
(1× 1039 GeV−1). See [1] for discussion of travel distance. A conservative estimate for the size of
the initial energy leads to the limit E−3i → 0. Solving (37) for limits on Lorentz violation yields

s(d)(p̂) ≡ (s(d))µνα1...αd−4 p̂µp̂ν p̂α1 . . . p̂αd−4
(38)

<

√√√√ Fw(d)

GNE
2d−5
f L

. (39)

Specializing to the d = 4 case as a concrete example yields

s(4)(p̂) <

√√√√ Fw(d)

(7× 10−39GeV−2)(1× 1039GeV−1)(5× 108GeV)3
(40)

< 10−14. (41)

Expanding s(d) in a spherical bases

s(d)(p̂) =
∑
jm

Yjm(p̂)s
(d)
jm, (42)

and considering cosmic rays from multiple sky directions yields partially separable constraints on
individual coefficients.
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[1] V.A. Kostelecký and J.D. Tasson, Phys. Lett. B 749, 551 (2015).

[2] Q.G. Bailey and V.A. Kostelecký, Phys. Rev. D 74, 045001 (2006).
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